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Introduction

The Laplacian acting on functions of finitely many variables appeared in the
works of Pierre Laplace (1749—-1827) in 1782. After nearly a century and a half,
the infinite-dimensional Laplacian was defined. In 1922 Paul Lévy (1886-1971)
introduced the Laplacian for functions defined on infinite-dimensional spaces.

The infinite-dimensional analysis inspired by the book of Lévy Lecons
d’analyse fonctionnelle [93] attracted the attention of many mathematicians.
This attention was stimulated by the very interesting properties of the Lévy
Laplacian (which often do not have finite-dimensional analogues) and its vari-
ous applications.

In a work [68] (published posthumously in 1919) Gateaux gave the definition
of the mean value of the functional over a Hilbert sphere, obtained the formula
for computation of the mean value for the integral functionals and formulated
and solved (without explicit definition of the Laplacian) the Dirichlet problem
for a sphere in a Hilbert space of functions. In this work he called harmonic
those functionals which coincide with their mean values.

In a note written in 1919 [92], which complements the work of Giteaux,
Lévy gave the explicit definition of the Laplacian and described some of its
characteristic properties for the functions defined on a Hilbert function space.

In 1922, in his book [93] and in another publication [94] Lévy gave the
definition of the Laplacian for functions defined on infinite-dimensional spaces
and described its specific features. Moreover he developed the theory of mean
values and using the mean value over the Hilbert sphere, solved the Dirichlet
problem for Laplace and Poisson equations for domains in a space of sequences
and in a space of functions, obtained the general solution of a quasilinear equa-
tion. We have mentioned here only a few of a great number of results given in
Lévy’s book which is the classical work on infinite-dimensional analysis.

The second half of the twentieth century and the beginning of twenty-first
century follows a period of development of a number of trends originated
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in [93], and the infinite-dimensional Laplacian has become an object of
systematic study. This was promoted by the appearance of its second edition
Problemes concrets d’analyse fonctionnelle [95] in 1951 and the appearance,
largely due to the initiative of Polishchuk, of its Russian translation (edited by
Shilov) in 1967. During this period, there were published, among others, the
works of: Lévy [96], Polishchuk [111-125], Feller [36-66], Shilov [132-135],
Nemirovsky and Shilov [102], Nemirovsky [100, 101], Dorfman [28-33],
Sikiryavyi [137-145], Averbukh, Smolyanov and Fomin [10], Kalinin [82],
Sokolovsky [146—151], Bogdansky [13-22], Bogdansky and Dalecky [23],
Naroditsky [99], Hida [75-78], Hida and Saito [79], Hida, Kuo, Potthoff
and Streit [80], Yadrenko [158], Hasegawa [72—74], Kubo and Takenaka [85],
Gromov and Milman [69], Milman [97, 98], Kuo [86—88], Kuo, Obata and Saito
[89, 90], Saito [126—129], Saito and Tsoi [130], Obata [103—106], Accardi,
Gibilisco and Volovich [4], Accardi, Roselli and Smolyanov [5], Accardi and
Smolyanov [6], Accardi and Bogachev [1-3], Zhang [159], Koshkin [83, 84],
Scarlatti [131], Arnaudon, Belopolskaya and Paycha [9], Chung, Ji and Saito
[26], Léandre and Volovich [91], Albeverio, Belopolskaya and Feller [8].

Many problems of modern science lead to equations with Lévy Laplacians
and Lévy-Laplace type operators. They appear, for example, in superconduc-
tivity theory [24, 71, 152, 155], the theory of control systems [121, 122], Gauss
random field theory [158] and the theory of gauge fields (the Yang—Mills equa-
tion) [4], [91].

Lévy introduced the infinite-dimensional Laplacian acting on a function
U(x) by the formula

M (xy,0U (x) — U(xo)
0?
(the Lévy Laplacian), where 9%, ,)U(x) is the mean value of the function

U(x) over the Hilbert sphere of radius o with centre at the point x.
Given a function defined on the space of a countable number of variables

ALU(xo) = 2 lim
0—0

we have

1 & 92U
AUy, ..., Xx,,...) = lim —Z—,

while for functions defined on a functional space we have

b

1 82U
ALUG) = — / Ws()xjds,

a

where 82U (x)/8x(s)? is the second-order variational derivative of U (x(t)).
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But already, in 1914, Volterra [154] had used different second-order differ-
ential expressions such as

82V (x)

b
AoV (x(1)) = / 8x(5)8x(s)

a

(the Volterra Laplacian), where 52V (x) /8x(s)8x(t) is the second mixed varia-
tional derivative of V (x(z)).In 1966 Gross [70] and Dalecky [27] independently
defined the infinite-dimensional elliptic operator of the second order which in-
cludes the Laplace operator

AoV (x(1)) = Tr V"(x),

where V”(x) is the Hessian of the function V(x) atthe point x. For a function
V defined on a functional space, AoV (x(¢)) is the Volterra Laplacian, and for
functions defined on the space of a countable number of variables, we have

. 92y

AogV(xXy,...,xp,...) = —_—.
oV (xi ) i

k=

There exists a number of other examples of second-order infinite-dimensional
differential expressions which considerably differ from the differential expres-
sions of Lévy type. The corresponding references can be found in the bibliog-
raphy to the monographs of Berezansky and Kondratiev [12] and Dalecky and
Fomin [27].

The present book deals with the problems of the theory of equations with
the Lévy Laplacians and Lévy-Laplace operators. It is based on the author’s
papers [36-38, 40, 50-66] and the paper [8].

In Chapter 1 we give the definition of the Lévy Laplacian and describe some
of its properties.

In the foreword to his book [95], Lévy wrote: ‘In the theories which we men-
tioned, we essentially face the laws of great numbers similar to the laws of the
theory of probabilities . . .". The probabilistic treatment of the Lévy Laplacian
in the second, third, and fourth chapters allows us to enlarge on a number of
its interesting properties. Let us mention some of them. The Lévy Laplacian
gives rise to operators of arbitrary order depending on the choice of the domain
of definition of the operator. There is a huge number of harmonic functions
of infinitely many variables connected with the Lévy Laplacian. The natural
domain of definition of the Lévy Laplacian and that of the symmetrized Lévy
Laplacian do not intersect. Starting from the non-symmetrized Lévy Laplacian,
one can construct a symmetric and even a self-adjoint operator.
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Problems in the theory of equations with Lévy Laplacians are considered in
Chapters 5-7.

First, we concentrate our attention on the main classes of linear elliptic and
parabolic equations with Lévy Laplacians.

The equations which describe real physical processes are, as arule, nonlinear.
The theory of linear equations with the Lévy Laplacian is quite developed (see
the bibliography). On the other hand, the theory of nonlinear equations with the
Lévy Laplacian has only recently begun to be developed. The final two chapters
deal with elliptic quasilinear and nonlinear and parabolic nonlinear equations
with the Lévy Laplacian.

We will see how striking is the difference (especially in the nonlinear case)
between the theories of infinite-dimensional and n-dimensional partial differ-
ential equations.

Finally in the Appendix we apply the results of Chapter 3 to the construction
of Dirichlet forms associated with the Lévy—Laplace operator, and show the
connection between these forms and Markov processes.

There is no doubt that the reader of this book will see that the properties
of the Lévy Laplacian, as a rule, have no analogues with the classical finite-
dimensional Laplacian. Moreover, the differences are so essential that one can
call them pathological if the properties of the Laplace operator for functions
of a finite number of variables are considered to be the norm. However, from
another point of view the opposite statement is true as well.

It should be emphasized that in this book we consider only the Lévy
Laplacian. We do not consider here the problems of the theory of equations
and operators of Lévy type (which naturally generalize the equations with Lévy
Laplacians and Lévy—Laplace operators) considered in our papers [39, 41-49].

Unfortunately, a lot of the results concerning different trends originated in
the book by Lévy are not included in this work although they undoubtedly
deserve to be considered. In particular we do not discuss here the well-known
approach to the Lévy Laplacian via white noise theory [80, 88]. I hope that this
is compensated for to some extent by the large bibliography presented here.

With great warmth I recollect numerous conversations on the topics dis-
cussed in this book with those who have departed: Yu. L. Dalecky (1926-
1997), O. A. Ladyzhenskaya (1922-2004), E. M. Polishchuk (1914-1987) and
G. E. Shilov (1917-1975).

During the preparation of this book for publication I was helped by Ya. L.
Belopolskaya and I. I. Kovtun, and I am very grateful to them for their help.



1
The Lévy Laplacian

1.1 Definition of the infinite-dimensional Laplacian

Let H be a countably-dimensional real Hilbert space. Consider a scalar function
F(x)on H, where x € H.
Lévy introduced the infinite-dimensional differential Laplacian by

My, 00 F (x) — F(xo)

ALF(.X()) =2 lim
0—0 Q2

(1.1)
This definition assumes that F(x) has the mean value 9 ,) F(x), for
0 < 0o, and that the limit at the right-hand side of (1.1) exists.

We define the mean value of the function F(x) over the Hilbert sphere ||x —
X0 ||%1 = 07 as the limit (if it exists) of the mean value, over the n-dimensional
sphere, of the function F(Zz=1 xi fr) = f(x1, ..., xp),i.e., of the restriction of
the function F(x) on the n-dimensional subspace with the basis { f;}], xx =

()C, fk)H:

m(X(),Q)F(-x) = nlinolo M, F(x),

M,,F(x):l / fx1, ..., xp)doy,

Sn
é:] (xx —xo)*=02
where s, is the area, and d o, is the element of the n-dimensional sphere surface.
In general, the mean value depends on the choice of the basis.
It follows immediately from its definition that the mean value is additive and
homogeneous: if there exists M, ) Fx, kK =1, ..., m, then there exists

m m
W(x”,m(Z Ck Fk) =Y M0 Fi-
k=1 k=1

5
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The mean value possesses the multiplicative property: if there exists
Mx,.0)Fx, and the F; are uniformly continuous in a bounded domain Q € H,
which contains the sphere |x — xol|%, = 02, then there exists

m m
Mixo.0) (]_[ Fk)z [ 200 F
k=1

k=1
This property follows from the following statement of Lévy. Let function F(x)
be uniformly continuous on the sphere ||x — xq ||%1 = 02, and let the average of
the function F(x) exist (i.e., M, = M, M = My, o F ). Then for each § > 0
we have
1
Iim —m,{x:|f(x1,...,x,) — M| >38}=0

n—>0o0 §,
(here m,, denotes the Lebesgue measure).

Note that the definition of the Laplacian via mean values is valid for the
finite-dimensional case as well.

The definition (1.1) does not assume differentiability of the function F(x).
However, if the function F(x) is twice strongly differentiable, then the following
representation of the Lévy Laplacian holds.

Lemma 1.1 Let the function F(x) be twice strongly differentiable in point x,
and the Laplacian Ay exist. Then

. 1 - "
ALF(o) = lim — (F"(x0) fi. fidn, (12)
k=1

where F'(xg) is the Hessian of the function F(x) in the point xq, F"(xg) €
{H — H}, and { fi}7° is some chosen orthonormal basis in H.

Indeed, it follows from the definition of the mean value that My, ) F(x) =
IMF (xo + oh), where 9MP(h) is the mean value of the function & over
the sphere ||h||%, = 1. Therefore, taking into account that for a € H
M (a, h)y = 0, because éfZZﬂ i hido, = 0, we have

1 1
E{m(xo,g)F(x) — F(xo)} = E{‘»UIF(XO + 0h) — F(xp)}
1 1
=z {zm [(F’(xo), oh)u + E(F”(xo)gh, oh)u + r(xo, Qh)]}

[ R § ”
- [ on v+ oo
Q2

-0 as ||gh||§,—>o);

A%

—n—>00

( r(xo, 0h)
and ————
llohly

11—
— lim M,,(F" (xo)h, h)zlim
2n—00
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similarly we have
Ty Mar (xo. 01)
0*

M, (F"(xo)h, D) + 1

n— 00

1 1.
E{m(xo,Q)F(x) — F(xp)} < Ehm
From this we obtain

1 1
— {Ma,00F(X) — Fx0)} — e(0) < slim,_, . M, (F"(x0)h, h)

=00
11—
=< znll)rgoMn(F”(xO)h, M)n < E{m(xo,g)F(x) — F(x0)} + £(0),

where () = Q% supy 2=y |r(xo, M|, (@) = Oas ¢ — 0.
Therefore, Ap F(xg) = IM(F" (x0)h, h)g.
Taking into consideration that, according to formula of Ostrogradsky,
1 1 oh
M,h: = — f hldo, = — / “Edn, ...dn,

Sn n

> h2=1 > h2<l
k=1

ve 7 /TG+D 1
si 2@ /TG 0

—

M,hih; = — / hihjdo, =0 for j#k,
S R2=1
k=1

(here hy = (h, fi)u, v, is volume, s, is the area of surface of the sphere
> i hi = 1,T(s) the gamma function), we obtain that

1 n
ALF (o) = M(F"(xo)h, )y = Jim = (F"(x0) fi- foln-
k=1

O
If at the given point x( the function F(x) is twice differentiable only with
respect to the subspace Y of the space H (i.e., the second differential of the
function F(x) at the point xy does not exist for all increments 4 € H, but
d*F(xo, ¥) = (Fy(x0)y, y)u exists for the increments y that form the subspace
Y of the space H, and the second derivative of the function F(x) at the point x¢
with respect to the subspace Y is the operator Fy (xo) € {Y — Y’}, where Y’ is
the space conjugate to Y'), then from (1.1) we deduce that

1 n
ALF(o) = lim — > (F/(x0) fe fidn (13)
k=1

provided that the basis { f}{° is orthonormal in H and that f; € Y.
Now we give the formula for the infinite-dimensional Laplacian obtained by
Lévy.
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Let there be a function

F(-x) = f(U]()C), ey Um(x))a

where f(uy, ..., u,)is a twice continuously differentiable function of m vari-
ables in the domain of values {U;(x), ..., U,(x)} in R™, U;(x) are some twice
strongly differentiable functions, and the A, U;(x) exist (j = 1, ..., m). Then
A F(x) exists, and

ALF()C) = ii

ArU;(x). (1.4)
=1 8Ltj

llj:Uj(X)

Indeed, the second differential of the function F(x) at the point x for incre-
menth € H is
m 82 f

d*F(x;h) = (F"'(Oh, Wy =
(x;h) = (F"(x)h, h)y ,»,Z=1 T

m
1”/

(U (x), uUj(x), Hu

u=U;(x)

(U”(x)h h)n -

uj= jx

According to (1.2),

ALF(x) = Z Bu
J

=0
m
1”1

1
lim —Z<U @), fuU;), fou

U= Ul(x) n—-oon

lim — Z(U”(x)fk, fom.

u;j=Uj(x) n—>00 1

But

lim — ZW @), fiorUj), fion =0,

n—00

(because (U/(x), fi)u — 0 as k — 00), and
. 1 - "
Jim ;(Uj W) e fon = ALU; ().

Therefore,

ALF(x)=)" 9

= auj

ALUj(X).
u;j=U;(x)

A series of consequences follows from formula (1.4).

1. If the functions U(x) are harmonic in some domain 2, k =1, ..., m,
then the function F(x) also is harmonic in 2.
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2. The Lévy Laplacian is a ‘differentiation’. It is enough to set F(x) =
U;(x)Uy(x): then

AL[UI()U2(x)] = ALU(x) - Ua(x) + Ui (x) - ALUs(x).

3. The Liouville theorem does not hold for harmonic functions of an infinite
number of variables, i.e., there exists a function that is not equal to a
constant which is harmonic and bounded in the whole space: it is sufficient
to put F(x) = f(U(x)), where f(u) is a differentiable function in R!
bounded together with its derivative, U(x), which is a harmonic function in
the whole of H. For example, F(x) = cos(a, x)g, o € H.

1.2 Examples of Laplacians for functions on
infinite-dimensional spaces

For functions on a space of sequences, the Lévy Laplacian is an operator with an
infinite number of partial derivatives, and for functions on spaces of functions
of finitely many variables, the Lévy Laplacian is an operator in variational
derivatives.

Example 1.1 Let H = [, be the space of sequences {x1, ..., X,, ...} such that
Y oro, xt < oo.
If the function F(xy, ..., x,,...) is twice strongly differentiable, and the
Laplacian exists, then its Hessian is the matrix
8%2F(x) ||
H 0x; 0xy

which induces a bounded operator in /5 :

> 32F(x)
FN h,h - i )
(F"(x)h, h)y, i; oo i
and (1.2) yields that
1 BZF(x)
ArF(x1,...,%,,...)= lim —
LF(x ) Am - ; 932

Example 1.2 Let H = L,(0, 1) be the space of functions x(¢), square inte-
grable on [0, 1].

If the second differential of the twice differentiable function F(x(¢)) has the
form

d*F(x;h) = /52 * )h 2(s)ds +// E) —— " h(s)h(x)dsdr,
8x(s)? 8x(s)8x(7)
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where the second variational derivative 82 F (x) /8x (5)? and the second mixed
variational derivative 82 F(x) /6x(s)dx(t) are continuous with respect to s and
s, T respectively (here h(t) € L»(0, 1)), then one says that d?F(x; h) has normal
form [95], and if

82F(x)
2
d°F(x;h) = // B ()ox(z )h(s)h(r)dsdr,

than one says that it has regular form [154].
We denote by B the set of all uniformly dense (according to the Lévy termi-
nology) bases in L,(0, 1), i.e. orthonormal bases { f}7° in L,(0, 1), such that

nli)l’lgo(y, O, =, Di,o,n forall y € L,(0, 1),

where ¢,(s) = 3 31_; f(5)-

As has been shown by Polishchuk (in his comments to the Russian translation
of [95]), all orthonormal bases which are the eigenfunctions of some Sturm-—
Liouville problem are uniformly dense.

Let the function F(x) be twice strongly differentiable, and the second dif-
ferential have normal form. Then

: §2F(x)
ALF(x(1)) = [ 535

0

for arbitrary basis from B.
Indeed,

11
1" _ 82F(x) 82F(x)
(F (-x)hvh)Lz(O,l) - // |:8(S - 8 (S)2 ds + 8X(S)8x(f)]h(S)h(T)der
00

(8(s — 1) is the delta function), and, according to (1.2),

2 2
PO o syds + 29 o, r)dsdr],

1
ALF(x(@)) = hm [/ 5x(s )2 Sx(s)dx(t)

where ¥, (s, T) = 1 30| fu(s) fi(D).
But

1

ff 82F(x)
Yo(s, T)dsdt — 0 as n — oo,
Sx(s)ox(7)

0
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because
82F(x) 2
// 5x()dx( )w,l(s, r)dsdr]
11 11
<ff _PF@) 2d dtff V(s 7) dsdt
- 8x(s)8x(r) S nt e
00 00
and

11
1 & 1
2 _ 4 _
[ [ i oasar = DAl = 7
00 B

Taking into account that { f;}{° € B, we have

1

AL F(x) = / F(x)

0

It is clear that if d? F (x; h) has regular form, then
ALF(x(@)=0

Example 1.3 Let H = L,,,(0, 1) be the space of vector functions x(¢) =
{x1(2), ..., xu(®)}, with components square integrable on [0, 1].

The second differential of the twice differentiable function F(x;(¢), ...,
X, (1)) is said to have normal form if

1
m 82F(x)
2 . § . .
ARk = i,jll:/ SXi(S)(Sx]‘(S)hl(S)hJ(S) s

1

81F(x) _SF@ L oydsd
+ / f Sy, (o) O @) ds f],
0

where the second partial variational derivatives 8%F (x)/8x;(s)8x j(s) and
(SfF (x)/8x;(s)dx () of the function F(x) are continuous with respect to s and
s, T respectively (here h(¢) € L,,,(0, 1)); and it is said to have regular form if

d*F(x;h) = HZI// i) ~— < hi(s)h;(r)dsdt
8x;(s)dx;(t) ! '

ljl
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If F(x)is twice strongly differentiable, and the second differential has normal
form, then

m 52
ALF (D), .. m(r))—Z / — ((:;3
J

for an arbitrary uniformly dense basis in L., (0, 1) (i.e., for the orthonormal
basis { fi}7° = {fik, ..., fuk)°, such that { fix}oo, € B, j=1,...,m).
Indeed,

11
m 82F
(F"()h, W00 = Y / / 2 D e )x,) (s)S())cC)(S)
J
0

i,j=1 0
82F (x)

i (oM dsdr

and, according to (1.2),
- 82F(x) 82F(x)
ALF(x) = [Zj / - ();m )ds+Z / le(s)sj](s)wims,s)ds

1

- S2F(x)
P2 // 8x,(s)8x,(f)‘/"’fn(s»f)dsdr],

i,j=1

0
where
1< 1 <&
Qjn(s) = — Z szk(S), Yijn(s,T) = — Z Jir(s) fix(T).
niS i3
But
// 81F(x) i (5. 7y dsd 0
ij , T T —>V,
5x;(s)8x; (1) mE TS
/ FF@) Vim(s, $)ds — 0 (i % j) as n— 0o
o < Vin\s,s)as l n .
8xi(3)8x;(5) J
0
Taking into account that { fjx}{° € B, j =1,...,m, we have

52F(x)
ALF(X) / (ij(s)z
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If d> F(x; h) has regular form, then
ALF(.X](t), M) -xm(t)) = 0'

1.3 Gaussian measures

The simplest measures in a finite-dimensional space which admit the extension
to a Hilbert space are Gaussian measures.

We consider a Gaussian measure in a Hilbert space which we need in the
second, third and fourth chapters. We also consider a special Gaussian measure,
the Wiener measure, which we need in the fifth chapter.

First we define the Gaussian measure.

The pair {H, 2} where H is a Hilbert space and 2l is a o -algebra of Borel
sets from H is called a measurable Hilbert space.

The measure p whose characteristic functional has the form

1
x(y)=eXp{—§(Ky,y)H+(a,y)H} (y € H),

where a € H, K is positive operator of a trace class in H, is called a Gaussian
measure in Hilbert space { H, 2}.

Here a is the mean value, and K is the correlation operator of the measure (.

The measure is called centred if @ = 0. In what follows we consider centred
Gaussian measures.

It follows from the above expression for the characteristic functional that all
finite-dimensional projections 1 p of the Gaussian measure u are also Gaussian
measures in a finite-dimensional space. In addition, the correlation operator of
the measure wp has the form Kp = PKP (here P is an ortho-projector onto
finite-dimensional (m-dimensional) subspace). The density of the measure up
with respect to the Lebesgue measure in R™ is

_ 1 K1
Q(x)— _E( P x,x)Rm].

. exp
VQm)y*rdet Kp

Finally, one should note the following important statement. The Gaussian
measure u is o-additive if and only if K is a positive operator of trace class
in H.

The triple {H, 2, 1} is called a measure space.

Now we calculate some integrals with respect to a centred Gaussian measure
which we need later.

By direct computation we derive

W(H) = / pdx) = 1.

H
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Hence the triple {H, %A, 1} is a probability space.
Next we derive the expression for an integral of a function of a finite number
of linear functionals with respect to a Gaussian measure. Let

Fx) = f((x,o0)H, -, (X, @m)n),

where f(uy, ..., u,)is a measurable function of m variables, and ¢y, ..., ¢
are orthonormalized functions in H. As long as F(x) is a cylindrical function,

we have
/F( )ldx) = e ff( T
X)) uldx) = —— UL, ..., Uy)e I*= uy---du,,
27 )™ det
H (n) KRHX

where « = |[(K¢;, ¢u)u| ’j” «—1> and 7, are the elements of the matrix inverse
to k. The existence of the integral at the left-hand side of this equality yields
the existence of the integral on the right-hand side and vice versa.

Now we compute the nth order moments

of the centred Gaussian measure (.
Ifnisodd,n =2p — 1, then

a” ) n
My vy = (—l)pm/exp{z(x, > Ekyk)H} pldx)

H k=1 g1="=6,=0
ail 1 n n
— (—1)? __
=D del .- dey expi Z(K[; gkyk)]’; 8kyk>H}
= = e1=+=,=0
P
= l_[(Ksz,}’rk)H (y17'~'ayn€H)7

{t.r} k=1

where Z{m} is the sum over all possible partitions of a set of numbers
1,2,...,ninto p pairs (%, t; ), without taking into account the order of the
pairs.

In particular,

my,y, = (K y1, y2)u,
My yoysye = (K y1, Y2)u (Ky3, Ya)u
+ (K y1, y3)u (Ky2, yo)u + (K y1, y)u (Ky2, y3)m.
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Note that the computation of the integral f g F(x) u(dx) of the function F(x)
admitting an approximation by a sequence of cylindrical functions Fp(x) =
F(Px) is reduced to the computation of the integral over the finite-dimensional
subspace L p. If in addition some conditions hold which allow us to pass to the
limit under the integral sign, we have

/F(X)M(dx) = AILI}E/ Fp(x)p(dx) = g;ﬁlE/ Fp(x)pp(dx).
H H Lp

If P = Py, Pyx = lec\’:l Xiex, X = (x, ex)u, Where {e;}7° is a canonical
basis in H, then p p(dx) looks particularly simple:

N 2.2
—1/23 A2x
up(dx) = (271)7N/21_[)\ke =0 kdxl ceedxy.
k=1
The canonical basis in H is the orthobasis which consists of the eigenvectors
of the operator 7 = K =3 normalized in H ; Ter = Arex, My are eigenvalues of
the operator 7', k =1,2,....
Let F(x) = |x ||%1. As long as the sequence of non-negative functions
|| Pyx ||12L1 converges to ||x ||%1 monotonically, then one can go to the limit under
the integral sign, and

N 00
/ el p(dox) = Tim f (x, ex)y ildx) = ) (Ke, e = TrK.
H k=1 H k=1

Let F(x) = (Ax, x)y, where A is a bounded operator in H. Using the ex-
pressions for the second order moments, we obtain

N
/(PNAPNX’X)H u(dx) = Z(Aepek)H /(x’ej)H(xvek)H u(dx)
H H

Jd=1

N
=Y (Aej.edn(Kej. ey
k=1
We can go to a limit since (PyAPyx, x)g < || A]| ||x||%,. Therefore

o]

/(Ax, X)u w(dx) =Y (AKer, e)n = Tr AK.
i k=1

In the same way, using the expression for fourth order moments, we get

2
/(Ax, X, u(dx) = [TrAK] +2Tr(AK).
H
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Now consider the special Gaussian measure in L,(0, 1) with zero mean and
correlation operator

1 1 pl
Kx(s) = %/ min(t, s)x(s)ds — %/ / min(&, s)x(s)dsd&
0 o Jo

and show that this is the Wiener measure. Here L,(0, 1) is the space of real func-
tions x(¢), square integrable on [0, 1], satisfying the condition (x, 1),0,1) = 0,
where IZ2(O, 1) is a subspace of L,(0, 1).

Let Cy(0, 1) be the space of real functions x(¢), which are continuous on
[0, 1] and satisfy the condition x(0) =

Wiener defined a measure in the space Cy(0, 1) as follows. Let0 = 1y < #; <
t) < --- < t, = 1 beapartition of the interval [0, 1]. The set of functions y(z) €
Co(0, 1) satisfying the condition a; < y; < by, where y, = y(#), ax, by are
numbers (k =1, 2, ..., n) is called a quasi-interval. Consider quasi-intervals
or so-called cylindrical sets in C(0, 1).

Define the measure of a quasi-interval Q by the formula

uw(Q) =
12/ /exp (Y;—_);k 1)]y1'-'dyn.
[77” ]—I(fk—lk 1) o k=t kT

This measure admits a countably-additive continuation to a minimal o -algebra
in Co(0, 1) which contains all cylindrical sets. The measure py is called the
Wiener measure. It is evident that the Wiener measure of the whole space
Co(0, 1) is equal to unity. The support of the Wiener measure is the set of
functions which satisfy the Holder conditions with index o < 1/2.

Note that for a wide class of functionals ®(y) on the space Cy(0, 1) (in
particular, for bounded and continuous functionals), Wiener’s integral can be
calculated as follows. We replace the function y(¢) by a broken line y, (z) with
vertices at points (#, y(#;)) and denote by ®,,(y) the values of the functional ®

for y,(¢):

D,(y(@) = P(yu(1) = (Y15 -+ Yu),
where ¢(y1, ..., y,) is a function of n variables, y, = y(#;). Then
) 1
/ Q(y) uw(dy) = lim ; 7
n—oo
Co [JT" [T - fk—1)]
k=1

( — y1)?
fw(yh...,yn)eXp{ - } yi-o-dyn.
= ke~

Rn
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In particular, it allows us to derive the formula the Wiener integral of the
functional concentrated in m points. If &(y) = f(y(t1), - - -, y(t)), wheret; <
thy < -+ <ty,and f(y1, ..., yu)isafunction of m variables which is integrable
in measure in R™ having the density

o, m —12 ( )
o, - ym) = [77 l_[(fk—fk—l)] CXP{ Z LB },
k=1 Ik — tr—1
then
D(Y)uw(dx) = / fOu L ymoeO, o Yy dyr - dyy
Cp(0,1) R™

Consider in the space ﬁz(O, 1) the Gaussian measure p with zero mean and
the correlation operator

N =

1 11
Kx(s) = %/min(z,s)x(s)ds — f/min(‘;“,s)x(s)dsdé;
0 0 0

K~!' = T?is aclosure in L,(0, 1) of the expression —2(d%x /dt*) on the set of
twice differentiable functions satisfying the condition x’(0) = x'(1) = 0.

The operator K € {£,(0,1) = L,(0, 1)}. This is a trace class positive oper-
ator. Indeed, let us find the eigenvalues and eigenvectors of the operator K .
In other words, we find p such that the problem

252 —px, KO =x(D)=0 (xeDx)

has a non-trivial solution.
The general solution of the differential equation

2

d2

x(t) = C cos\/gt + C, sin\/gt.

It follows from x’(0) = x’(1) = O that

C, =0, Clsin\/gt:O,

+px=0

has the form
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and for /p/2 =mk, k=1,2,..., there exist non-trivial solutions of the
problem

xx(t) = Ccosmkt.
Therefore, the eigenvalues of the operator K ~! are
o = 271%k>.
Its eigenvectors, normalized in ig(O, 1) (canonical basis in ZZ(O, 1)), are
ex(t) = 2coswkt (k=1,2,...).

The eigenvalues of K are v, = 1/(272k?). So v, > 0, and

1 &1
TrK—z—l;—z_—

hence K is a positive operator of the trace class in H. Note that eigenvalues of
the operator T = K ~1/2 are

)‘-k = \/Eﬂk

The Gaussian measure with such a correlation operator is a countably addi-
tive measure in L,(0, 1). With respect to the measure p, almost all functions of
the space L,(0, 1) are continuous and satisfy the Holder condition with exponent
a < %

Let Cy(0, 1) be the set of all continuous functions on [0, 1] from L,(0, 1),
i.e., the set of continuous functions orthogonal to unity: Co(0, 1) has the full
measure in 1:2(0, 1).

Calculate
1
u({x € CO(O, D:a< / f(s)dx(s) < 5]),
0

where f(7) is a bounded variation function on [0, 1] such that || f]lz,0,1) = 1.
Let P be an orthoprojector on RY, i.e. Px = 217:1 Xkek, X = (X, €x)r,(0.1)-
Then

,u([x e Co(0,1): a0 < /f(s)dX(S) < ,3})
0

= lim lim pc({x e Co(0,1):a! < XN:ckxk < ,31}),

a'—a,pl—>p P>E =
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1 . . .
where ¢; = fo f(s)der(s), olisa decreasing sequence converging to a number

a, B! is an increasing sequence converging to the number S, and

u({x € C'O(O, 1): o < ickxk < ﬁlD
k=1

Hkk 2
k

7% xl% 1 i
1 "'d.XN = e d?’]
(271)2

a <Z axp<pl o (2

Mz

k=1

But
1
2} = kZ(/ F(s)V/2 sinks ds) =1F12,0.0),

since /2 sinmkt, k =1,2, ..

., is a complete orthonormal system in L, (0, 1).
Therefore

B
({x e Co(0,):a < /f(s)dx(s) <ﬁ]) nlz /e_"zdn.

o

If fi(?),..., fu(¢) are orthonormal functions in L,(0, 1) having bounded
variation on [0, 1], then

,u({x € Co(0.1) 1 a; < /f_,-(s)dx(s) <B; (= 1,2,...,n)}>
0

=

Choose f;(t) to be functions of this type.
LetO=1y <t <--- <t, =1 beapartition of [0, 1]. Put f;(r) = W
fort € [tj_i1, t;], fj(t) = Ofort ¢ [t;_1, t;];itis clear that (f, fj)r,0,1) = &;-
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Then

n(fxw e €. 1 ray < x) = x50 < by G =1.2,..m))

b
n

1 . n 1 4
. IT 2 " — f.

where a; = a;/ij —tj—1. b; = Bjtj —1j-1.

There exists the one-to-one correspondence

1

y(t) = x(t) — x(0), x(t) =y@) — f y(s)ds
0
(1) € Co(0, 1),  x(1) € Co(0, 1))

between the space C(0, 1) and the space CQ(O, 1).

The measure in the space CO(O, 1) is transferred by this correspondence into
the space Cy(0, 1). In addition the set

{X(l) € C‘()(O, 1): aj < X(lj) — )C(lj_]) < bj (] =12,..., n)}

is mapped to the set

{y(t) €Co(0, 1) a; < y(t)) — y(ti_1) <b; (G=1,2, n)}

and we have

n(fyo e 0.1 a; <y =y < by G =12, m))

bj )

n 1 (
I F—
j=1 [n(tj tj l)]i

aj

By the change of variables {; = z; —z;_1 (j =1, ..., n), we obtain

u({y(r) € Co(0, 1) 1 a; < y(t)) — y(tj_1) < by (j = 1,2, n)})

=[ / /Iexpi (Zj Z]. )* }dZI"'dZn-

—1
(tj _t/ 1)

j=1

But this is the classical Wiener measure of a quasi-interval Q in the space
Cy(0, 1). For this reason, one also calls the measure introduced in L,(0, 1) a
Wiener measure, preserving the same notation gLy .
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To each functional F(x(r)) on Co(0, 1) integrable in the Wiener measure
corresponds the functional

1

Q(y(1) = F(y(t)—/y(S)dS)

0

on Cy(0, 1), and fC‘O(O,l) F(xX)uw(dx) = fco(o,n ®(y) uw(dy). But Co(0, 1) has
the full measure in L,(0, 1). If the functional ®(y) integrable in the Wiener
measure on Cy(0, 1) corresponds to the functional F(x) on iz(O, 1) then

/ P (dx) = / O(y) i (dy).

£,(0,1) Co(0,1)
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Lévy—Laplace operators

Let £,(H, 1) be the Hilbert space of functions F(x) on H square integrable in
Gaussian measure p with correlation operator K and zero mean value, and K
be a positive operator of trace class such that ||x||z < ||[K~!/?
(here Dg-1» denotes the domain of definition of the operator K ~'/?), and
F 1By = fyy P20 (),

The Lévy Laplacian is essentially infinite-dimensional: if F(x) is a cylin-
drical twice differentiable function F(x) = F(Px), P is the projection onto
m-dimensional subspace, then its Hessian F”(x) is a finite-dimensional (m-
dimensional) operator, and

-XHHv-)C S DK"/Z

1 m
ALF() = lim — 3 (F"(0)fi, fon =0
k=1

({fx}3° is an orthonormal basis in H). At the same time, the set € of cylin-
drical functions is everywhere dense in £,(H, u). If we now define the
operator in £,(H, u) with everywhere dense domain of definition D; by
LU = A U, D; = ¢, thenits closure L = 0. In particular, we get L = 0 if we
define the operator on the well-known orthonormal system of Fourier—Hermite
polynomials [25]

N
Wm0 = [ | Hon, (K™%, fi)m)
i=1

(N=1,2,...;m; =0,1,2,...), where {H,,(§)}]° are partially normalized
Hermite polynomials, and { f;}7° is an orthonormal basis in H, f; € H,, be-
cause these polynomials are cylindrical functions. Hence it seems that the Lévy—
Laplace operator is trivial.

In fact, this is not true. There exist linear sets which are everywhere dense
in £,(H, ) and on the functions from which the Lévy-Laplace operator is a
non-trivial operator.

22
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For example, there exists a wide class of functions for which the Lévy
Laplacian exists and is independent of the choice of the basis: namely, the class
of twice differentiable functions F'(x) such that the mean value of F(x) exists
and its Hessian F”'(x) is a thin operator: an operator is said to be thin if it has the
form y(x)E + S(x), where y(x) is a scalar function, E is the identity operator,
and S(x) is a compact operator. If F”(x) is a thin operator then Ay F(x) =
2y (x). The set of such functions includes, among others, the Shilov class [132,
134]. A set of functions of type F(x) = ¢(x, ||x||12L1), where ¢(x, ||x||%1) =
¢(Px, ||x||%1), P is the projection on R™, and ¢(x, &) are functions which are
defined and twice differentiable on H x R! is called the Shilov class. The
Shilov class is dense in £,(H, ). If F(x) belongs to the Shilov class then
ALF(x) = 20/98)le_ju,-

Later in this chapter we construct a family of, complete in £,(H, u), or-
thogonal polynomial systems such that the Lévy Laplacian exists and does not
depend on the choice of the basis. In addition, the Lévy Laplacian preserves
the polynomial within the system.

The Lévy Laplacian has some properties of both first and second order dif-
ferential expressions, as well as other properties which are not true for either
the second or the first order. The domain of definition consisting of orthogonal
polynomial systems which do not contain € determines ‘the order’ of the oper-
ator, if one takes ‘the order’ to be the value by which the Lévy Laplacian lowers
the degree of the polynomial. In the following we shall see a paradoxical prop-
erty of the Lévy Laplacian: the same differential expression of Lévy—Laplace
generates operators of any order depending on the choice of the domain of
definition of the operator.

If the domain of definition coincides with a complete orthonormal system
of polynomials it is called natural (see, for example, Emch [34]).

2.1 Infinite-dimensional orthogonal polynomials

Construct a, complete in £,(H, 1), orthonormal system of polynomials such
that the image of the Levy Laplacian belongs to the system.
Let
HyCHyCH, Hy=H,, H=H H,=H_,a>0
be a chain of spaces from a Hilbert scale {Hg}, —0o < B < oo, with the
generating operator T = K ~!/2 (its inverse, T, is the Hilbert-Schmidt op-
erator),

@ Vu, = TP TPy (x.y € Hp).
We denote by H' ® H” the tensor product of spaces H and H".
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A linear combination of homogeneous forms of degrees not higher than
m is called a polynomial of degree m on H. A real function &, (x) =

o(x, ..., x), where ¢(x, ..., w)is asymmetric m-linear form (x, ..., w € H),
N ——
m m
m=1,2,...,iscalled ahomogeneous form of degree m; the ® are just num-
bers.

Let A,, be the set of all measurable polynomials in £,(H, u) of degree
less than or equal to m. Then [\m is a subspace of £,(H, ), and f\o c A
Cc---C [\m. We denote by A,, the orthogonal complement in f\m to A,_1,
i.e. Am = Am @Am_l,m = 1,2, ...;AO = [\0.

The subspaces Ag, Aj,..., A, are mutually orthogonal, f\m =
@) 1o Ak, and, as long as the set of measurable polynomials is dense
in £,(H, ), we have

S(H, 1) =@ ) A
k=0

To each form ®,, € A,, corresponds its projection onto subspace A,
namely, the polynomial P, € A,,.

Now we take, for ®,,(x), the form ®,, (x) which represents the measurable
extension to H of the continuous form (m!)~'/2(y,,, ®y"™)@ un, where the
kernel y,, € ® H™ is such that ®,, (x) € £o(H, 1): (Y, y ® ... @ wW)gpn is
a symmetric m-linear continuous form (y,, € ® H™,y,...,w € Hy). In the
what follows we use the notation

@, (x) = (mD) 2y, ®x™)gpm

for its measurable extension to H (although here x € H, and not H,).

The projection of such a form ®,, (x) onto A,, is a polynomial P, (x),
which consists of ®,, (x) and the homogeneous forms of smaller degree
W, (x, ¥m), v < m. In addition,

(P, Py)syy =0, forall P, €A,, forall P, €A, n<m.
To prove the existence of a measurable extension, we show that
(Py,, Po,) sty = Wi Om)oun  forall vy, o, € QH™. 2.1
To this end we calculate the integral of the nth differential in Gaussian measure.

Theorem 2.1 Let F(x) € So(H, ), d'F(x;hy, ..., k), i =1,...,n, exist
for arbitrary hy, ..., h, € Hyy, (i.e., F(x) is differentiable with respect to the
subspace H,,) and there exists ¢; > 0 such that

sup |d'F(x + ¢h;i; hy, ...,hi)|Vl_[ (14, )p )€ SH, w,i=1,...,n.
lel=<e; j=i+1
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Then

/d”F(x;hl, oy by u(dx)

H
[n/2] ) J n—2j

=3[ 3 [[0whon, [ o0 [[ o omuan]. @2
j=0 {n,jit,t,s} k=1 o i=1

where Y (n.j:1.7.5) 1S the sum over all possible combinations of j pairs of numbers

{t1, T}, ..., {tj, Tj} chosen from numbers 1,2,...,n (s(,...,S,—2; are the
remaining numbers), without taking into account the order of the j pairs and
of the remaining n — 2 j numbers.

Proof. By the shift transformation, since we can pass to the limit, and differ-
entiation under the integral sign for n = 1 we have

/ dF (e h)u(dx) = / L pg )| ptan)
dS] &1=0
H H

d

2
— _e_Tll‘lll‘I%~1+/F(x)egl(hqu)H+M(dx)
dS]

&=
H

= [ Feh o ) 3)
H
The rest we prove by induction. Assume that formula (2.2) is valid for n;
we show that it is valid for n 4 1 as well:
[n/2]

/ d"“F(x;hl,...,h,mm(dx):Z(—l)f[ > H(h,k,hfkm
H j=0 {n,jit,t,s} k=1
n—2j
<([afr [T 00w 50m.: )
! n—2j n—2j
f F(x)Z(hwhl)m [T e 0m.@) .
" i=1,i#l
where t, 1, 5; = 2,3,...,n+ 1.

It follows from (2.3) and the theorem’s conditions that

e
[ E i e = > 1)/[ ) H(hfk,hfk)m

H j=0 {n,jit,t,s}

n—2j
x / Fe) T s 00m, (@)
44 i=1 O
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Let us show that (2.1) holds. Since A,, and [\,, are orthogonal if v < m, we
have

m—1
(Py,. Po,) st = f P, (x) [@m,,(x) +y \va(x)} p(dx)

i v=1
_ f P, (1), (¥)(d).
H

It can be shown from Theorem 2.1 that

(P Poy )it = / By, (x)P,, (¥)1a(dx)
H

= / Y ) H G fo ® - ® fu) e

,,,, vn=1

><(x Joda - (s [, 8 Py, ()p(dx)

= / Y ) o, fu ® .o ® fu)ame

..... V=1
x{d’”Pym(x;T_zfvl,...,T_ £)
(3]
—Z(—l)f[ 3 H(ﬁk,fm
j=1 {n,jit,t,s} k
m—2j

x [T s 90m P ).

i=1

Since
m—2j
H(fv,-’x)H € Am—2j, Py, €A
i=1
we get
m—2j m
[ Tl 0up, man <o j=1,...,[5}.
yoi=l
Therefore
o0
(P Po)esii = Y, ©ms o, ® .. ® fu,)omn
Visewns Un=1
X Vs T2 fors oo T2 fo)enn = Vs Om)enms

here { f¢}{° is an orthonormal basis in H.
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Let us show the existence of the measurable extension. Let y,, x converge
to v, in ®H™, k€ QH™, vy € @ H™. Then (2.1) shows that the sequence
P, . (x) converges in £,(H, u). Choose a subsequence Pym_k’_ (x) (the Pymk’_ (x)
are continuous) which converges almost everywhere on H, and put P, (x) =
lim P, (x). Using (2.1) it can be shown that P, (x) is unique.

Holginally, as long as for all y,, € @ H™ there exists a sequence ¥, i €
®H™, which converges to y, in QH™", we have (P, P, )e,Hu =
Yms Om)eum, forall y,,, 0, € QH™.

Wiener [157] constructed the system of orthogonal polynomials for the case
of Wiener measure for the functionals defined on the space of continuous func-
tions. We use this method to give the explicit form of polynomials by orthogo-
nalizing the sequence of forms (more exactly, of the classes of forms)

@, (x) = m) (Y, @Xgrn,  Ym € QH™.

Each polynomial P, (x) consists of ®, (x) and of the forms of smaller
degree W, (x, yp), v < m:
Po=1, Py(x) =y (x),

[5]

P, (x) =, )+ Y W o, ym) (m=2.3,..).
k=1

We construct  W,,_ox(x, ¥») to obtain (P, Py, ,)emy =0 given
®, (x) (k=1,...,[m/2)]).
Since the forms of even and odd degrees are orthogonal, we have

(Py, Py ooy =0 (g =0,1,..).

For P,,(x) = ®,,(x) 4+ Wo(y»), it follows from

(Py,, Po)eytmy) = /[cbyz(x) + Wo(y2)lu(dx) =0
H

that

Wo(y2) = f @y, (x)p(dx).

H

For P, (x)=®,(x)+ W¥i(x,y3), and wusing the results from
(Pyys Py) ey, u) = 0 we have Wi(x, y1) = (01, x)g. According to Theo-
rem 2.1, for n = 1 we have

/dF(x;h)de):/ Fx)(h, x)n, pu(dx).
H H
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Therefore, taking into account that P, (x) = Z;’il(y, fi)a(x, fi)u, we have

/(x, S Py (x)p(dx) = /dPyg(x;szf;)M(dX)
H

H

- / d®,,(x; T2 fou(dx) + (o1, T~ fi)g = 0.

H
Hence
(1. T fi)y = — / 4o, (v: T f)p(dy)
H
- 3/( T2 £ @y ® Yo u(dy)
= @ Y3, i Y& Y)guiulay),
H
and

3
Wi(x, y3) = A /(stx ®y ® Y)onsiu(dy).
"H

For P, (x) = ®,,(x) + ¥a(x, ya) + Wo(ys), from the condition
(Py,, Po)eym. ) = 0, we find that

Wo(ys) = —/CDVA(X) + Wa(x, ya)lu(dx).

H
From the condition (P,,, P),)¢,(u,,) = 0 we find

Wa(x, ya) = (02, X @ X)HgH-
According to Theorem 2.1, for n = 2 we have

/sz(Xthth)M(dx):/F(x)(x’hl)H+(xsh2)H+H(dx)
H H

—(h1, h2)m, / F(x)u(dx).
H
Therefore, taking into account that (P,,, Py)¢,n,,) = 0 and that

Pu(x)= Y (. fi ® fuenx. fu(x, fiu.

Jk=1

we have

/ s fdu(x, fiou Py (x)p(dx) = / d*P,,(x; T2 f;, T2 fu(dx)
H

H

= / d*®,,(c; T2, T2 fop(dx) + 202, T2 f; @ T f)men = 0.
H
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Hence
-2 ) 1 2 -2 -2
(02, T°f; @ T™" f)nen = ) d" D, (y; T f;, T~ fiyu(dy)
H
3 -2 -2
=3 Ve, T7fi QT fi ® y ® Y)or+i(dy)
H
and

3
Wo(x, y4) = —\/;/()/4, XQXxQYQ ygusu(dy).
H

Continuing in a similar way, we construct the following system of orthogonal
polynomials:

P()(.X): 17 P}/](-x):(ylvx)H’

1 1
P,(x) = ﬁ(yz, X QX)HgH — 7 /(Vz, X ® X)ngnu(dx),
! L)

1 3
Py (x) = ﬁ()@ ®x)gms — 7 /(Vz, X ® Yo u(dy),
H

1 6
Py, (x) = ﬁ(ﬂ’ ®x4)®H4 - ﬁ /(V4, Rx*® y2)®H4M(dy)
H

6
+ Hf / (4. ®X% ® y g s a(dy)pa(dx)

1 / .
— — | (ya, ®xM)gu+p(dx),
V4! )

etc.
Let {ygq };":1 be a complete orthonormal system in @ H™.

Lemma 2.1 The system of polynomials Py =1, P,

mq °

withm,q =1,2,...,
makes an orthonormal basis in £,(H, ).

Indeed, (P,,,, Py, ey =0 for m#n, and, according to (2.1),
(Pqu, Pym,,) SoHp) = Vmg»> Ymp)oum = 8,4 (here 8, is the Kronecker delta);
therefore
(Pyys Py st = Smnpg-
The completeness of the system Py, P, in £,(H, w) follows from the fact

that P, € An, LH(H, n) = @anozo A,,, while the systems {qu}g‘;l are
complete in @H™, m =1,2,.... O
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As usual it follows from Lemma 2.1 that given U € £,(H, 1) we have its
expansion

o0
U(x) = UOPO + Z Um(]Pqu(x)’
m,qg=1
where
Uy = / UCR(dx).  Upg = f U0 Py, 1(dx).
H H

This series converges to U(x) in £,(H, u), and

o0
2 _ 2 2
WU et = U + D Uny-

m,q

2.2 The second-order differential operators
generated by the Lévy Laplacian

Consider operators of the second order generated by the differential expression
of Lévy—Laplace.

Choose kernels such that forms corresponding to them contain ||x| |%. To
this end we use the kernel corresponding to the identity operator E in H. Due
to the theorem of Berezansky about a kernel [11]

(Ey. 0 =0.y®Dnon. S€H ®H_ .y z€H,
and
X117 = (@8, @x*)g .
By (1.4), for m = 1 we have
ALlIxl3] = x5 Alix] G-
Since ([||x]|31"h, h)y = 2(Eh, ), by (1.2), we have
Aullelly = Jim @4 +2)=2.

Therefore
Arlllxllal? =20 1x15 ",

i.e., the Lévy Laplacian decreases the degree of the form (®8', ®x?)gy2
by 2.
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Put y,,y = apy, where {amq};"’:1 is a complete orthonormal system of ele-
ments in @ H™ such that

n il &
mgMan—2.q " M2p.g @ P Rs0, 0,1
az,,,q:Z'uon" q " HM2pgq p=2ql

= (n—p+1) S

" o
- o1 @RS
ontg = Zﬂm Lglan—3.q " M2p-14l 2p l,q]’ n=1.2...).

s (n—p)!

2.4)

Here {suq},2, is a complete sequence of elements in ® H™ such that s,,4 €
®H'", and § denotes that the symmetrization is applied to s. The numbers
Mmg are obtained in when by, is orthogonalized (g =1, 2, ...). The system
a4 = 42,40 + 5 4 is obtained when the sequence b, ; = § + 1, 4 is orthogonal-
ized, the system as = 1 4112 (88 + 4 4855 4 + 544 is obtained when
the sequence by, = U2 ,8&8 + 52,,®8 + 14 4is orthogonalized and so on,
where {1,,4},2, is a complete sequence in ® H", 1,, , € @HY'. The complete-
ness of the system {anq},2, in H” follows from the completeness of the
sequence {sq }20:1 .

Denote P,,, = Puy-

According to Lemma 2.1, the system of polynomials Py, P, (x), form, g =
1,2, ..., makes an orthonormal basis in £,(H, ).

We denote by P the set of all possible linear combinations AyPy +
ZZ g=1 AmgPmq, where A, are arbitrary numbers, and N is a natural
number.

Theorem 2.2 The Lévy Laplacian on B exists, does not depend on the choice
of the basis, and is a second order operator. It decreases the degree of the
polynomial P,,,(m > 2) by 2:

APy =0, ArP(x)=0,
ALPug(x) = 2lm(m — D12 g P2,y (x)  (m=2,3,...).
Proof. According to (2.4), we have

By, (¥) = 21173 (20 g, @XM g2

n

— on)+ Z Wong -+ W2pgl1X1 5 272 Gopon gy ®XP D)gpas
=0 (n—p+ 1!

p=1

+ (20,4, ®x2n)®H2”]'
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The forms @,  (x) € £2(H, p), since fH |x|| u(dx) < oo. The integral
f o llx || ! 11(dx) can be easily computed using the equality

— N
/(x, ek)if,u(dx)z \/)sz_n/ x,fp exp{—)»%x,f}dxkz %,

H —00

where {¢,}{° is a canonical basis in H.

An orthogonal basis {e;}{° in H is called canonical if ¢, are eigenvectors of
the operator T, normalized in H, i.e. Te; = Arey and Ay are eigenvalues of the
operator 7', k =1,2,....

For example,

2
1
/||x||HM(dx)—ZZ)L4 (ZP> = 2TrK? + (TrK)’.

For functlons

1
H;,(x) = _||x|| (qua ®x" )oH"

by Corollary 2 to (1.4), we obtain

1 ) ) 1 N
ApLHp(x) = A [l—,nxu%] - (Bug> X g + l—,nxn%ﬁ - ALGug, @ em-

1 2 2-1)
Ap |:ﬁ||x||yi|—( 1),|| xlly

n

~ v .1 ~ _
ALGrg. ®X gy = v(v — 1) lim = > (G0, ®x" > ® fi ® fon = 0:
n—-oo n k:l

Here

and by (1.2),

note (5,4, Rx" 2 ® Je ® fiden» — 0 as k — oo, since 3,;, € ®H, . Thus we
have

AL H() = VG @ o
L1I1]y (l — 1)‘ Vg ®H
for an arbitrary basis { f;}{° in H.
Hence
ALy, (X) =2z 4[2n2n — D7D, , (x).

If m = 2n + 1, then similarly we have
AP, , () = 22041420 + 121Dy, ().
As the result we obtain

ALqu(x) = 2H4mq [m(m — 1)]_1/2Pm—2,q(x)~
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Define the operator A(Lz) in £,(H, @) with the everywhere dense domain of
definition D A putting

@yr _ —
AU =AU, DAth>—‘,B.
Theorem 2.3 The operator A(Lz) is closable.

Proof. LetU; € Do, Uy — 0 and AP — G e £(H, p)as | — oc.
Since Ui(x) = AoYPo+ Y001 Ang()Pug(x).  wehave  lim (AS()Py
—00

m,qg=1
+ 300 A2, (D} = 0. Hence A, = Jim Ay (1) = O uniformly in m. g.

Since by Theorem 2.2,
NQ)

A2U(x) = 2{(%2 > H2g A2, D) Py
g=1

N() N()-2

30 Dt lOn +2)0m + DI Ay (P (0],

g=1 m=l1

we have

N()
Go = (G, Po)eyrp = ll_ifg[ﬁz Mz.qu,q(l)]= 0,
q=1
qu = (Ga qu),QQ(H,;L) = lli}?o(Af)Ul» qu)Sz(H,u)
= lim 24,14,4[(m +2)0m + D172 A 124(1) = 0,
which yields G = 0. O

By Theorem 2.2 we compute A; U(x) for U € 3, and show that

oo
s ={U € £2(H, 1) : (% Z,,Jzquzyq)z

g=1

o0
+ 3 4+ 2m + DU, < oo].
m,qg=1

2.3 Differential operators of arbitrary order
generated by the Lévy Laplacian

The Lévy-Laplace differential expression generates not only operators of the
second order, but also operators of any order depending on the choice of the
domain of definition of the operator.
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The Lévy Laplacian of F(x) is the limit of a sequence of arithmetic means

1 n
=Y &),
Ly

where & (x) = (F"(x) fx, fi)u-

Any function & (x) on H which is measurable relative to a o-algebra 2 is a
random variable on the probability space { H, 2, u}. LetE& = f y & (x)u(dx),
denote the mathematical expectation and Var &, = ||& — E§k||222( Ho) denote
the variance of the random variable &. The convergence with probability 1 of
a sequence of random variables corresponds to the convergence almost every-
where on H in measure u of a sequence of measurable functions. If, in addition,
the sequence &, (x) satisfies the conditions which follow from the strong law of
large numbers, and ,,IEE.‘O 15 _1E& = c, then for almost all x € H we have

1 n
lim — Zék(x) =c.

Therefore, it is possible to construct the forms F(x) of degree 2y such that
the Lévy Laplacian decreases the degree of these forms by 2y, and finally to
construct new polynomials by replacing the functions ||x| |% in the polynomials
Pug(x) by the forms {F(x)}.

Put y,y = aﬁl}; (here a® = amg), Where {amq} 7, s the complete system

mq
. 2
in @H™ such that a,;; e H™ atm = 1,...,2y — 1, amq € QH™ at m =
2y o~ 2y o~
2y, 2y +1,..., and Ay = S1gs -5 oy 4 = S2y—1g- Then
2y 2y 2y n—p
n .
2y _ u’Zyn—j,ql’LZVn—j—Zy,q e M“Zyp—j,q [®82y ®s2}/17*qu]
Dyn—jg =

(n — p)!
G=12,....2y = 1),

p=1

2
a2;/q - /Lz)/ q82y + SZy q»
2y 2y 2y n—p+1 x
a2y _ Ii MZyn,q“Qyn—Zy,q te H’2yp q[®8 ®s2VP 2y, q]
2rma = L (n—p+ 1)
Fhymg  (1=23...), 2.5)

v;l r=1
where 8, =Y ° vay =1 OBy By, T 7 €, @ . ®T 7 ey, $ =
8, &y € QHY , {ex}7° is a canonical basis in H, {smq} °,is a complete
sequence of elements in @ H™ such that s,, € ® H}", and the numbers umq

are obtained in the process of orthogonalization of a,%f:,, g=1,2,....

Denote P = ’Pr%l};’ PR = Pg-
g

mq
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According to Lemma 2.1, the system of polynomials Py, qu, m,q =
1,2,...,foreach y, y =1, 2, ..., makes an orthonormal basis in £,(H, i).
Denote by By, the set of all possible linear combinations Ap” Py +

S Any (B =)

Theorem 2.4 The Lévy Laplacian on B exists, is independent of the choice
of basis, and is an operator of order 2y. It decreases the polynomial degree

Pab.m > 2y, by 2y:
ArPo=0, APigx)=0, ... APy | (x)=0,
AP (x) = 2y[m(m — 1)---(m =2y + 1)]'/?
< [y — DM P, () (m=2y.2y +1,..)

for almost all x € H. In particular, on B> the Lévy Laplacian is an infinite
order operator ApPy =0, A[P,icq(x) =0m=1,2,....

Proof. According to (2.5), for arbitrary basis { f;}7° in H we have

-1.2 —1
@3 ()= Qyn) 2 (@), , ® X Mg = Qyn!) "
2 2 - ~ —
X [Xn: MZ]{M ) "Mz;y/p,q[F(x)]n p+l(s2vp—2y.q QXP™H ) g poyn-2y
~ (n—p+1!

- 2
+ (52)/11,11 & x yn)@HZV”]y

F(x) = Z S e fon (T e fu

=1 Viyeuny Uzy—l

o0
y-1 _
X (%, fodm (X, fu =Z<T7x, ey =y a ey
k=1 =1
The forms Cbz)):n , € L2(H, p), because [, F?(x)u(dx) < co. One can eas-
ily compute integrals [, F* (x)u(dx). For example,

/ F2(0)u(dx) = / [ e ey
H k=1

H
bOY R e e i)

J.k=1,j#k
={@dy — D' —[Qy — DIPAITrK?> +[2y — DUTr K 1%
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For functions F* (x)(8vq, ®x")gn, We have
ALLF ) (s0g. ®xV)gny = ALF'(x) - (50g, ®x)gm
+F'(x) - AL(svg, @ gnr = ALF'(x) - (504, ®xV)gnr,

since Az (8,4, ®x")gm = 0.
Furthermore, A; F!(x) = IF'""' (x)A L F(x).
Let us compute the value A; F(x). For the above function F(x) we have

oo

(F'@)h, g =2y(y — )Y (Tx, &)y (. e
i=1

Let f; = e;. Then by (1.2)
[ 2y-2
ALF(x)=2 —1) lim — Tx, r=
LF(x) =2y(y )nggong:l( X, ey

&(x)=(Tx, e )2'_2 is a sequence of independent random variables,

o0

_ 1 2

E¢ =/(Tx,e>2y 2u(dx)=—/ 22" dy = 2y =),

k J 1905 \/ﬂ y y Y
—00

Varg, = E§2 — [E& %, E& = /(Tx, e "t uldx) = by — 51,

and, therefore, > = (Var&/k?) < co. According to the strong law of
large numbers for independent random variables, with probability 1

lim 130 (& —E&) = 0. Since lim 1>} | E& = 2y —3)!!, then
lim ligk =Q2y —3)!!
almost surely, i.e.,

ALF(x) =2yQ2y — D2y — )

for almost all x € H.
For example, for y = 2,

] n
lim — Tx, e)s =1,
Jim 1 Y.
and for y =3,
1 n
lim ~ Y (Tx, ey =3
n—>oon k:]

almost surely.
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Let { f¢}{° be an arbitrary basis in H. Then by (1.2)
ALF() =2yQy = 1) lim ~ YN (Tx ey P fi ey
k=1 i=1
Let us represent 5,(x) = + >4, > (Tx, e;)y 22 fi €)% in the form

sa(x) = %Z(Tx,e,-fy—2 Z(Tx e Y (feoely

k=n+1
Z Z (Tx, )y " *(fir )y = 0u(x) — Gy + Gu(x).
=1 i=n+1
Since
G=(Tx, ey and & =(Tx, e)y Z(fk,e»,
k=n+1

are sequences of independent random variables,

o0
Eg=Qy-3 EL=Qy-3!" )Y (fiue) >0 as i— oo
k=n+1

(because (fi, )}, — Oasi — 00, > =, (fi, €3 — 0asn — o) then by
the strong law of large numbers nlim 0, (x) = 2y — 3)!!, while nlggo G,(x)=0
almost surely. >

Since

00
2y -2 2
= E (T.X,e,' ]-}/ (fk’ei)[-]
i=n+1

is a sequence of arbitrary random variables,

oo
Ef=Qy -3 ) (fe)y —>0 as k— oo,

i=n+1
9 9 > 201 . o
Bl —E&l <c ) (foer) and ) oElG—E&| < oo,
i=n+1 k=1

then by the strong law of large numbers for arbitrary random variables we have
lim &,(x) = 0 almost surely.
n—o00

Thus, almost surely

lim s,(x) = 2y — 3)!;
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that is,
ApLF(x) =2y 2y — DIQy —3)!]

for almost all x € H.
Since

ALF'(x) = IF"7' ()AL F(x) = y 2y — DIQy — HNIF' ' (x),

the Lévy Laplacian decreases the degree of the form (®8),, ®x"')g 2

by 2y.
Thus,

ALLF (X)) Gug, ©xMerr] =272y — DIQy = HNUF ™ (0)Gug, @xMenr
for almost all x € H. Hence
AL®Y, (¥) =2yQ2y — D2ynQyn—1)...Qyn —2y + D72
x [2y =33t 30, o, (1)

for almost all x € H.
fm=2y(n—1)+1,...,m =2yn — 1, then similarly we have that al-
most everywhere on H

AL<I>§;V,(W,1)+M(X) =2yQy - DIQy(n — D+ D2y(n —1))---
x 2yn — 4y + 17212y = MU 1ya1g oy 1.
ALY, ) () =2yQy — DIQyn — D@yn —2)---Qyn —2y)] "/
S (LI IEIE N o)
This yields
ALPy =2y [mm = 1)---(m =2y + D]7[Qy = DM P, ()
for almost all x € H. O

Define the operators A(Lzy), y =2,3,..., in £,(H, n) with everywhere
dense domains of definition D AP putting A(Lzy)U =AU, D N B

Theorem 2.5 Operator A(LZV) is closable.

Proof. Similar to that of Theorem 2.3. O

Applying Theorem 2.4, one can compute A(Lzy) for U € P*, and we show
that the family of natural domains of definition of the operators A(Lzy) has the
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form

00 2
Djon = {U € £(H, p): [(27/!)71/22 g,qUZZ;Q]
g=1
2 2 2
n i [:umy+2y,q m}ijy,q] < OO}
(m+2y)m +2y — 1)~ (m + 1) '

m,qg=1
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Symmetric Lévy—Laplace operator

In an infinite-dimensional space, there is no standard measure similar to the
Lebesgue measure. If one considers a space with some other measure defined
on it, for example, Gaussian measure, even the finite-dimensional Laplacian is
not symmetric. Hence one has to symmetrize it.

If F(x) is a cylindrical twice differentiable function, then its Hessian F”(x)
is an m-dimensional operator, its gradient F’(x) € R™, and therefore the sym-
metrized Lévy Laplacian on such functions is equal to zero.

An unexpected effect is that the symmetrized Lévy Laplacian can be equal
to zero on functions for which the Lévy Laplacian itself is not equal to zero. For
example, the symmetrized Lévy Laplacian is equal to zero on functions from
the Shilov class. Moreover, it is equal to zero on functions from the natural
domain of definition of the Lévy—Laplace operator. Nevertheless it is possible
to construct the complete system of orthogonal polynomials such that the sym-
metrized Lévy Laplacian acts on such polynomials in a non-trivial way. In this
case it appears that on these polynomials the Lévy Laplacian has no meaning.

In the final section of this chapter, we again return to the Lévy Laplacian, and
we see that it is not always necessary to symmetrize it. Given the Lévy Lapla-
cian (not symmetrized), one can construct symmetric, and even self-adjoint,
operators in the Hilbert space £,(H, w).

3.1 The symmetrized Lévy Laplacian on functions from
the domain of definition of the Lévy-Laplace operator
The symmetrized Lévy Laplacian, if it exists, can be determined by

n

. 1 1" /
AcF) = lim > [(F"@) fes fidn = F'0, fon, fon | G0
n—-oo n

k=1

40
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where F”(x)is the Hessian, F’(x) is the gradient of the function F(x) at the point
x and { f¢}{° is the chosen orthonormal basis in H, f; € Hy,. If, in addition,
the Lévy Laplacian also exists then

R
AcF() = ALF(0) = lim =3 (F'(0), fu(x, fon,
k=1

Note that one can rewrite (3.1) in the form
R B N
AcF() = lim — Y [d2F(; fi, fi) = dF(es fO, fon. |-

i3

If we use Theorem 2.1 forn = 1:

/ dF (x; yu(dx) = / FOO)h, X, (),

H H

then, assuming that U (x), V (x) satisfy the conditions of this theorem, we have

[ veodvemuan = [ veoue. o udx)

H H
— / Ux)dV (x; h)u(dx).
H

Applying this formula twice, we obtain

/V(x)dZU(Xkaafk)ﬂ(dx)_/V(x)dU(Xka)(x»fk)HJL(dx)

H H
__ / AV (s fO0x fim UGp(dx) + / PV (x: fi: fOU @A),
H H

If, in addition, one can pass to the limit under the integral sign, then
/ V(x) - AcU)u(dx) = / AcV(x) - Ux)u(dx).
H H

For the Shilov class of functions, F(x) = ¢(x, ||x| |%1),

AcF(x) = %9

9§

28¢

3

R
nll)rgo; E (x, foux, fiyu, =0
=1

£=llxll3, £=llxll% =
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for almost all x € H, because almost everywhere on H we have
nlggo IS, fou(x, fon, = 1.

Let us show that on polynomials P,,,(x), m,q =1, 2, ..., from the domain
of definition of the Lévy—Laplace operator, the symmetrized Lévy Laplacian is
equal to zero for almost all x € H.

The polynomials P,,,(x) consist of the forms &, (x), and they are from

[

1 N
Hiy(x) = l—,||x||§j(syq, ®X)em;

see Section 2.2.
For functions H;,(x) we have

2(1-1)
x|

2
ApLHp(x) = 7= Xl

(qu ) ®xv)®H” .

Since

2 - ~ v
(Hy, 00 = Il g, @ o

1o o v—1
+l'||x||HV(qu»®x ®h)®HV’

then, taking into account
li 1 ¢ = v—1
Am - ;(Suq, x" ® fen(x, fi)n, =0,

since §,, € ® H}, we obtain

AcH;,(x)

n

2 e g ) s
= ol fim 2321 = G At fom. G @ o

‘We now show that

n

sn(x) = ! 1= (x, foux, fou,
n

k=1

converges to zero almost everywhere on H.
Let fi = ex. Then

n

1
s =~ 3 [1=(Tx, ey ],

k=1
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&G =1—(Tx, ek)%, is a sequence of independent random variables,

o0
1 2\ V;
Varg, = «/? /(1 - yz)ze_%yzdy =2 and Z ffk < 00
T

k=1

By the strong law of large numbers for independent random variables we deduce
that lim s,(x) = O with probability equal to unity. This means that
n— 00

1
Ac[ 13 ]=0
for almost all x € H.
Let { fx}{° be an arbitrary basis in H, fi € Hi,. Then

1 n o0
sp=1-— p Z Z(X, FOu(T*x, e u(fi, e

k=1 i=1

=[1-- Z(T X, e, e,)H]— - Z(x fon S (Tx. eoufe e

i=n+1

+- Z<T X, e)n Z @, SO (fer €)n = 0a(x) = 6,(x) + Gn(x).
k=n+1
Since & = [1 — (T?x, e))u(x, e;)y] is a sequence of independent random
variables, then (as shown above) lim o, = 0 almost surely.
n—o00

Since

[o¢]
o= (. fou Y (T°x, eDn(fi e)u
i=n+1
is a sequence of arbitrary random variables,

o0
E$k= Z (fk,e,')%[ —0 as k—
k=n+1
(because (fi, e)y — 0 as k— o0, > o (fr,e)y —> 0 as n—
00),

El& — E;k|<c2<fk,e>ﬂ and Z ~E|& — Edi| < o0,

i=n+1
then by the strong law of large numbers for arbitrary random variables we
have lim 6, = 0 almost surely. The law of large numbers also yields that

n—oo

lim &, = 0 almost surely.

n—00
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Therefore, almost surely lim s, = 0, which means that Ac[%||x||%] =0
n— o0

for almost all x € H.
Thus,

AcHp(x) =0
for almost all x € H. Hence, almost everywhere on H we have
Ac®g,, ,(x) =0.
If m = 2n 4 1, then we similarly have that almost everywhere on H
Ac®,,,,,,(x)=0.
Therefore
AcPug(x) =0

for almostallx € H, m,qg =1,2,....

3.2 The Lévy Laplacian on functions from the domain of
definition of the symmetrized Lévy-Laplace operator

In Section 3.1 we showed that the symmetrized Lévy Laplacian is equal to zero
on a wide class of functions, in particular, on polynomials from the natural
domain of definition of the Lévy—Laplace operator.

Do functions from £,(H, p) exist for which the symmetrized Lévy Laplacian
is not equal to zero? The symmetrized Lévy Laplacian of G(x) is the limit of
the sequence of arithmetic means

1 n
Sy 6@, Gl = (G Wi fion — (G, fou. fom,
k=1

Even when fH &r(x)u(dx) = 0 one would expect that AcG(x) # 0, if G(x) is
such a function that the sequence ¢; does not obey the law of large numbers.
If in addition G(x) € £,(H, ), then one can construct new polynomials by
replacing the functions ||x| |% in the P,,,(x) by the G(x).

We construct in £,(H, 1) a complete orthonormal system of polynomials
00, Omg(x), m,q =1,2,..., such that AcQ,,,(x) # 0 and it belongs to
£o(H, ).

Assume that the correlation operator K of the measure p is such that
K'/2x1/2(K~1/2)is a Hilbert-Schmidt operator, where £ = x (1) is the inverse
function of n = A(£), and A(§) is a certain monotonically increasing function
that is continuous for £ > 0 and such that A(k) = A¢; x(Ax) = Vk.
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We put ¥y = ttq, Where {oz,,lq}f;":1 is a complete orthonormal system of
elements in @ H™ such that

4l S
n VongVon—2,q " V2pyg |:®Gn pt ®s2p—2,q]

Wop,g = + §2n_q,
— (n—p+ D)
n Vu—1,qV2n-3,q " V2p—1l.q |:®O'n_p®52p—l,q]
et = (= p)!
p=1
n=1,2,...), 3.2)
where
o0
o= Z (x(T)gj> &)1 gj @ ks
Jok=1

{gx}7° is a fixed orthonormal basis in H, gx € Ho, {s,,,q} °, is a com-
plete sequence of elements in @ H" such that s, € ®HY, m=1,2,...,
and the numbers v,,, are obtained by the orthogonalization of a,,,, m =1,
2,....

Since by assumption, 7! x 1/2(T) is a Hilbert-Schmidt operator, the forms
Dy, (x) € L2(H, p).

Denote Pam, = Qpyg.

By Lemma 1.2 the system of polynomials Qo, Oy, m = 1,2, ..., forms
an orthonormal basis in £,(H, w).

Theorem 3.1 AcQy(x) # 0, AcQug(x) € £2(H, ).

Proof. By (3.2), for an arbitrary basis { f;}{° in H, fi € H;,, we have

Dy, (X) = (201) 2 (@20, @XM g

n P G n—p+l,z 24 2p—2 o
_ (2n!)*%[z Vong - V2p e 1G(X)} Bop—2,4, X P )g g2
p=1 (f’l — P + 1)'

+ (§2ll,qv ®x2n)®H2":|y
Gx)= Y (xX(D)fj, fonx, fux, fi)n.
Jai=1

Let f; = e;. Then

Gx)=Y Vk(x. e}
k=1
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and, by (3.1),
L
AcG(x) =2 lim - k§=1 VI = 22(x, ep)} ]

‘We show that the sequence p,(x) = % Zzzl vk [1— ki(x, )] converges
in £,(H, ). For m < n we have

n m

= 28 AN 2
H

=1
asm,n — oco.Now [, p2(x)u(dx) = 3>} k="t and

HACGO)|| gy, = 2.

Let { f¢}3° be an arbitrary basis in H, f; € Hy,. Then
o0
(G'x), =2 (X(T) fi £ (e, fiuh, fn,
i, j=1

(G" W, Wy =2 Y (X (D) fi, futh, fuh, fi)u,

ij=1

and by (3.1),
1Y 2
AcG) =2 lim — 3 [(((T) fe fidn = (T)x, fu(T>x, fidu)
k=1

Similarly to the previous case, we can easily show that

l n
4u0) = = > T fi i = XTI, fn (D5, fi)n]

k=1

is a fundamental sequence. Taking into account that
S, u(x, Bamdx) = (o, Bu_,
H

S uCx, Bu(x, )u(x, o) guldx) = (a, B (v, 0)u_
H

+(Ol, y)H,(ﬂvU)H, +(05,0')H7(/3, y)H,7 a, /37 V,0 € H—’
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we obtain that

/ g2 (0pdx)

H

1 n
== { > [ fe fou = (D, fou(Tx, fiou]

Jk=1,j#k

< [T, £ = G, fu(T, )]

2
+ [T i o = D, fou(Tx, fou | }u(dX)
k=1
1 n
= D[ s Sk + T s XTI s f. ]

n =1

~

and lim [ g2(x)u(dx) = 1. Therefore,
n—)OOH

1AcG) gy, = 2
The polynomials Q,,,(x) consist of the forms @, (x), and they are from
1
Z1(®) = 3G ()Gug, ®X -
For functions Z;, we have

AcZp(x) = G ()ACGX)Gog, X

(-1

(since §,, € ®HY). Therefore, Ac®y,, ,(x) € £2(H, ) (since dDaZH,vq/ (x) €

£2(H, 1))
If m = 2n + 1, then similarly we have Ac @y, (x) € £2(H, ).
Therefore, Ac Qnq(x) € £2(H, ). d

We show that the Lévy Laplacian has no meaning on the polynomials
Omg-m=2,3,...;g=1,2,....
If fi = e, then G(x) = Y 7, Vk(x, er)%, and
l n
ALG(x)=2 lim =Y vk = oo.
n—-oon =1

If { f¢}7° is an arbitrary basis in H, f; € H,», then

G) =Y (X(D)fj, fule, f)ux, fin,

Jrk=1
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and
LG =2 lim k";(xmfk, fou:
Since
kij(x(T)fk, fou = anl:(PX(T)Pfk» fou = ki(Px(T)Pwk, o

= Z(X(T)e,,k, en ) H = Z X Qn)s
k=1 k=1

where P is an orthogonal projection on the space with the basis { f}7, ¢ are
eigenvectors of operator Px(T)P, Py, = e,,, then

1 n
ALG(x) =2 lim — ZX()\,,A,) = 00,
n—oon =

since x (A, ) — oo as k — oo.

3.3 Self-adjointness of the non-symmetrized
Lévy-Laplace operator

Let us consider a statement which certainly can not be valid for the finite-
dimensional Laplacian. We show that, given a non-symmetrized Lévy Lapla-
cian, one can construct a self-adjoint operator in the space of functions square-
integrable in Gaussian measure.

We denote by ¥ the set of all functions of the form

V(x) = ¢(Q(x))S(x),

where Q(x) = ||x||?,, S(x) are arbitrary twice strongly differentiable harmonic
in H functions from £,(H, 1), ¢(£) is an arbitrary fixed positive function de-
fined and differentiable on [0, co) satisfying the Lipschitz condition with the
Lipschitz constant c. Let, in addition, V(x) and (¢'(|lx[I3,)/¢(l|x]13)) V(x) €
L2(H, w).

The set T is linear.

To show that it is everywhere dense in £,(H, w), it is sufficient to show that
the set % is everywhere dense, where % is the set of all functions

(x) = o(||x I3 W (x),

where W(x) € €. Here € is the set of cylindrical twice strongly differen-
tiable functions. If W € €, that is W(x) = W(Px), P is a projection on an
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m-dimensional subspace, then its Hessian W”(x) is a finite-dimensional (m-
dimensional) operator, and

1 n
ALW(x) = lim — (W) fio fion = 0.
k=1

Therefore, W(x) is a harmonic function in H, and € C <.
Let U € £,(H, ). The set € is everywhere dense in £,(H, p), i.e., for all
&1 there exists W, € € such that

U — Wolleyer ) < 1.

Since Y, € €, we have Wy(x) = Wo(Px) for some projection on an m-
dimensional subspace with a basis { f}]'. Choose

Do(x) = p(llx17)Wo(x) /0l Px17);
®y € %, because Wo(x)/¢(|| Px||%) € €. Then
U — @olleyay < U — Yoll eyt + 1Wo — Poll ey
< e+ W — Polle,a,)-
We have

1Wo — PollZ, ., = f [Wo(x) — @(llx[17)Wo(x) /el Px|I3)1* 1(dx)
H
= / [Wo(x)/@(| Px 7)1 @I Px117) — e(lIx 131 1a(dx)
H

0 2
< / (o)l PxIZP] D . fid}y | i),
H

k=m+1

because the function ¢(&) satisfies the Lipschitz condition.
Since \Ilo(x)/<p(||Px||§,) depends only on (x, fi)y,...,(x, fu)nH, and
Y et (X, f)3 depends on (X, fut1)n. (X, fus2)n, - .., we have

2
W0 — Polle,h. )

> 2
< ¢ [twretipaliPuen [[ 3 o] wan
H H

k=m+1

= / [Wox)/ (Il Px )P p(dx)
H

AL & fon] 42 3 &1 fon).

k=m-+1 k=m+1
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Since Wo(x)/@(|| Px|l3;) € £a(H, ), and Y22 (K fi, fidn = TrK < oo,
S (K2 fi, fom = TrK? < ocoforall { f;}3° in H (K is a trace class op-
erator), and we have

[P0 — Woll eper ) < €2-
Therefore,
WU — Polle, ) <61+ =¢
and hence ¥ is dense everywhere in £,(H, ).

Lemma 3.1 The Lévy Laplacian on X exists, is independent of the choice of the
basis, and is an operator of multiplication by the function 2¢' (|| x|| %,)/go( x| %,):

2¢'(Ix113)
o(lxl1%)
Proof. By Corollary 2 to (1.4), we have
ALV(x) = ALle(Ix17)S0)] = Are(lxl13) - S&) + @lx]7) - ALSx).
By (1.4) for m = 1, we obtain
Al = @'l IF)A LI = 2¢'(Ixl17)  (since Allx]F = 2).

In addition, since S(x) is harmonic, A; S(x) = 0.
Therefore,

ALV(x) = Vix) (Ve%).

2¢/(Ilx11%)

A V :2 ’ 2 S =
LV =20/ (Ixl)Se) = =0 e

V(x).
O

Lemma 3.2 If ALV (x) = Q¢'(|x11%)/elx|12)V (x), then the function V (x)
has the form

V() = e(lx ) S,
where S(x) is an arbitrary harmonic function.
Proof. Tt follows from Ay V(x) = (2<p’(||x||%1)/g0(||x||§1)) V(x), for V(x) # 0,
that

ALV _ Are(lx7)

Vi(x) o(lxl13)

Hence, A {In|V(x)[} = Ar{lng(||x[I3)}, i.e.,

V)l }
A iln ————3: =0
g { o)

[V ()l
n 2
(llx1%

Therefore

= G(x),
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where G(x) is an arbitrary harmonic function. Hence,

V(x) = p(Ix[13e°™ = o(llx]3)S(x),

where S(x) is an arbitrary harmonic function. O

We define an operator L in £,(H, u) with everywhere dense domain of
definition Dy, putting

LU =AU, Dp=¢%.
Theorem 3.2 The operator L is essentially self-adjoint.

Proof. The operator L is symmetric, since D; is dense in £,(H, n) and by
Lemma 3.1

20/(IIx113,)
LV, V) e,h. >=/7
A J el

= (V], LVZ)Qz(H,M) for all Vl, V2 [S DL.

Vi) Va(x)u(dx)

Let us show that L is essentially self-adjoint.
Consider the operator L* adjoint to L in £,(H, n). Let Z € D;+. Then for
any V € D we have

(LV, Doty = (V. L™ Z) gy 1,05

that is,

2¢'(|1x |13
/ﬁﬂ%ﬂwnamwm=/wwvmmMM>
J o(llx ) H

or, taking onto account that V(x) = ¢(]|x ||%1)Sv(x), we get

2¢/(Ix17,)

o(lxl13) 20— (L ZXXﬂ»wdx)=(x

[ et
H
This equality holds for functions having the form ¢(||x|| %)S (x) where S(x) € €
(the set of cylindrical functions) and ¢(&) > O (for example, it holds if S(x)
belongs to the complete orthonormal Hermite—Fourier polynomial system).
Hence almost everywhere on H we have

Loy 2001

o(llxl3)
Thus for all Z € Dy~
2 / 2 2 / 2
2 ) (”x!”) ZefH uw and L[*z =22 00w) (||x|2|H) z.
e(llxl1%) o(llxlI%)
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By the equality

[ [zwnxn%{z vm} zomian = [ ve [2<p’<nxu%@ Z(x)} )
H @llx 1) H e(llx )
it s easy to see that for any ZeSH(H, ), L*Z =
2¢'(IxN13)/Ix113)) Z and (2¢'(Ix117)/¢Ix[13)) Z € £2(H, ).
This shows that
2¢'(IIx113,)
o(lxlI3)
The domain D, - isdensein £,(H, u) since Dy« O Dy . The operator L*Z =
(2<p’(||x ||%1)/g0(||x||%1)) Z, Z € Dy~, is a self-adjoint operator.
By the self-adjointness of L* we deduce that L is essentially self-adjoint.
O

DL*Z{ZG,SQ(H,[L)I ZESQ(H,M)}
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Harmonic functions of infinitely many variables

It is well known that the only harmonic function of a single variable is a linear
function. It is also known that in a multi-dimensional case the number of
harmonic functions grows. This number increases rapidly if we are interested
in infinite-dimensional harmonic functions associated with the Lévy Laplacian.

Letus give several examples (which have no finite-dimensional counterparts)
of harmonic functions defined on a Hilbert space H:

1. Cylindrical twice differentiable functions.
Let F(x) be a cylindrical twice differentiable function F(x) = F(Px),
and P be a projection on m-dimensional subspace. Then the Hessian
F’(x) is a finite-dimensional (m-dimensional) operator and (1.2) leads to

l m
ALF() = lim — > (F"() fi fon = 0;
k=1

here { f¢}{° is an orthonormal basis in H.
2. Twice differentiable functions F(x), whose Hessians F”(x) are compact
operators in H.
Indeed, since Hessian F”(x) is a compact self-adjoint operator in H, we
have (F"(x) fx, fx)g — 0 as k — oo and, according to (1.2),

1 n
ALF@) = lim ~ 3 (F'(x) fi, fion =0
k=1

for arbitrary orthonormal basis { f;}7° in H.
For example, if H = L,(a, b), and the second differential of a function
F(x) has the regular form (Example 1.2), then

b
y _ 82F(x)
F (x)h(s)—/mh(s)ds

a

53
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(82F(x)/8x(s)8x(t) is a continuous function with respect to s, t, 82F(x)/
8x(8)8x(t) = 82 F(x)/8x(1)8x(s)), and F”(x) is a compact operator in
Ly(a, b).

Another example of this kind is given by H = I, and F(x) = ) oo x/"
for integer numbers m > 3. In this case the Hessian F”(x) is a matrix
m(m — 1)||8,-kx,'{"_2||§”?{=1 (here 8;; is the Kronecker symbol), xZ’_z — 0 as
k — o0, and F"(x) is a compact operator in /,.

3. Functions of the form F(x) = f(U;(x), ..., Uy,(x)), where f(uy,...,u,)
is a twice continuously differentiable function of m variables over the set
{Ui(x), ..., Uy(x)} in R™, and functions U;(x) are harmonic in the
whole space H, j=1,...,m.

Indeed, since A U;(x) =0, j =1, ..., m, we derive, using (1.4),

ALF(x)zz oF

j=l1 a”j

ALUj(x) =0.
uj:Uj(x)

o0
4 H=P Fx) = Zak,\im—2x,§’" (x = O(1/In'* k), &> 0),
k=1

Fo)y =Y [Trxnm'xm, Faoy=) am'xm,
k=1 j=1 k=1
m . 2m—+2
F(x):i( i _x_,f)
ZA\Qm—DIem+2)2m+ 1) 2
m > 1 is an integer, x; = (x, ex),, ex = (0, ..., 1,0,...), K~2¢; = Mey,
k=1,2,.... k

As a result of the strong law of large numbers, all these functions are
harmonic pu—almost everywhere on /, .

4.1 Arbitrary second-order derivatives

Theorem 4.1 Let F(x) be a twice differentiable function with respect to a
subspace H, for some a > 0,

/ |(Fpg, () fie foml? u(dx) < oo
H

forsome p,2/3 < p <1, and{ fi} be an orthonormal basisin H, f; € H,. If

- ” _ n?
> H/ (Fl () feo fon | a(dx) = O ( - (n)) , 1)
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where .(n) is one of functions

(Inn)'**, Inn(nlnn)'*™, ..., Inn---In---lnn(n---lnn)'**
—_—— S —
m—1 m
forall e > 0, then
ALF(x)=0 foralmostallx € H. “4.2)

On the other hand, there exists a function F(x) such that (4.1) is satisfied for
e =0, but (4.2) is not valid.

Estimate (4.1) (and, therefore, the harmonicity of F(x)) does not depend on
the choice of the basis from a class of square close bases.

Proof. The Lévy Laplacian (1.3) is the limit of the sequence of arithmetic mean
values 1 Y0 &(x), where & (x) = (Fy; (x) fe, fu-

Any function ®(x) on H that is measurable with respect to a o -algebra
2, is a random variable on the probability space {H, %, u}. Its mean value is
given by

E®=/®(X)M(dX),

H

and the convergence of a sequence of random variables with probability 1
corresponds to the convergence of the sequence of measurable functions almost
everywhere on H with respect to w.

Therefore, {£:(x)}{° is a sequence of arbitrary (dependent) random variables,

n p
Elgl” < oo, and Y Bl = 0(-
k=1

It )) forall € > 0.
o(n

This follows from the theorem of Petrov [108] that % ZZ:I &(x) — 0 almost
surely, i.e.,

1 n
ALF() = lim — (Fpy (0 fe, fidn =0
k=1

for almost all x € H.

Let us show that there exists a function such that the estimates of the theorem
are fulfilled for ¢ = 0, but the function ceases to be harmonic.

Consider

X Yk
00

Foo =Y [ [ euzdady
k=1

~_1_1
272
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on l», where ¢ (¢) are defined on R! and

) 1 k+1
ou(6) = @) ke for 4‘6(2%@’m>’
@) = —Q2m)' ke for ge(_ZZ;(_)(lk)’_zlﬁ(l)(k))’

and ¢, (¢) = 0 outside these intervals if k > ky; if kK < k; then ¢ (¢) = 1 for

¢ > 0; and ¢ (¢) = —1 for ¢ < 0. Choose the number k; to satisfy the condi-

tion (k1 Yo(k1)/(ki + 1)) > 1; xx = (x, ex)s,; {ex}7° is a canonical basis in /,.
In this case

1
ALF@) = lim =~ geGuxe).
k=1

The random variables &, (x) = ¢ (Arx;) are independent.
For all k, we have E&, = 0. If k < ky, then E || = 1, and for k > k| we
have E |&| = 1/vy(k). Therefore, if p = 1, then

1 n
E =0
; 5 (%(n))

and condition (4.1) is satisfied for ¢ = 0.
For k > ki, the probability

P(&| = k) = ul{x € I : |§(x)| = k}
k+1/2kyro(k)

A2 e/ Bkafry(k)
1/240(k)

because for k > k| we have (kyy(k)/(k + 1)) > 1, and for

1 k+1
< € (3y0i0" 20700

e 1)2
we have e‘g > e_xmg)u) > ¢~ /% The series Z,fikl 1/(kyro(k) diverges, there-
fore 2130:1 P(l&| = k) = oo, and, according to the lemma of Borel-Cantelli,
P(l&| > k i.m.t.) = 1, where i.m.t. means ‘infinitely many times’.

Therefore, the relation % Zzzl & (x) — 0 almost surely (i.e. AL F(x) =0
for almost all x € [;) is not valid. Indeed, if (4.2) holds, then &.(x)/k — 0
almost surely, which contradicts the fact that P(|&;| > k i.m.t.) = 1.

To prove the final part of the theorem, choose the orthonormal basis {g;}{°
in H, g € Hy, to be different from { f;}{° and square close to { f}{°, i.e.,

o0

2
E llgx — flly < oo.
=
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Then for p <1

> / (F;, )8k g 1" mldx) =y / |(Fp, () fior i |”(dx)
k=1 H k=1 H
=) [ 1 s 0 = (Ff, 0 fomP i)
k=1
H
= Z/ |(Fp, (0)(&k — fo)» 8u + (Fp, (X) fi, gk — fidu|” m(dx)
k=1
H

<2cP Y " llge — fell s
k=1
since F(x) is differentiable with respect to H,, and hence the operator
Fp (x) € {Hy — H_o} : | Fpy (Ohlla, < COllAllg,
is bounded, we get

|(Fp, (0, @)l < CQOlAlm, g,

and
f ((Fy, (ooh. ) la(dx) < cllhlallg .
c= / Condx), h g € Hy
H
But

=1 ke (k)] 2 =1
by the Holder inequality, and

lige — fell’ RS 1\ T
Z _':s(Zugk finy)"” (;k%(k) ,

o0 B 2 o0
;ngk fill3 < kzk%(k)mo (e > 0),

so, by Kronecker’s lemma,
- D 2—p
D llge = fellly = o (Inpem) ™).
k=1

Hence, taking into account that [nwg(n)]%p =on?/Yy.(n)) for p >%
and YU [y [(Fg ) fe, fioul? m(dx) = O [Ye(n),  we  obtain
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Siet Ju [(Fp (08ks 8n P udx) = On? [y (n)). According to the first
statement of this theorem,

) l n "
ALF(x) = lim ~ kX:lj(FHnmgk, gn =0

for almost all x € H. O

Condition (4.1) of the theorem is in any case not necessary. One can see this
by choosing the function

1 o0
FO) =2 ) Mdidisidi
k=1
on /. For this function,
1 n
ALF()C) = lim — Z)kak)»k+1xk+1.
n—-oon =1

The random variables & (x) = AgxgAry1Xk41 are orthogonal, E&;, = 0, Eékz =
1, ZZ:I Eékz =n< C(nz/(l/fg(l’l) In? n)), and it follows from Theorem 4.2 to
be presented below that Ay F(x) = 0 for almost all x € ;. At the same time,
condition (4.1) is not satisfied, because

o0
E [&] /M A | w(dx) (1 /||*y2/2d)2 2
= X, X x)=— e = —,
k ] KXk Ak+1Xk+11 1L «/E y y T

2 —0oQ

n 2
and ) 7 E|&| = Zn.
A similar phenomenon can be seen in the case

1 & 5
F(x)= 3 ;Akxk
on /. For this function,
] n
A F(x) = lim — A Xk -
LF(x) Jm_ - ; KXk
The random variables &;(x) = Ayx; are independent, E&; =0, E’;‘k2 =1,
ZZ:I Eékz = n < c(n®/ys(n)), and it follows from Theorem 4.3, also presented

below, that Ay F(x) = 0 for almost all x € ;. At the same time, condition (4.1)
is not satisfied, because

o0
E|&] fm | udx) = — /| e d ,/2
= X X)) = ——— e - = -,
k : kXk| L «/E y y =

2 —00

and ) ;_ E|&| = \/gn
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The reason for this phenomenon is the fact that, for given sums of orthogonal
and independent random variables, there exist more precise estimates than for
a sum of arbitrary (dependent) random variables. However, in this case the
function F(x) has to satisfy additional restrictions.

4.2 Orthogonal and stochastically independent
second order derivatives

Theorem 4.2 Let F(x) be a function twice differentiable with respect to the
subspace H, for some o > 0, and &.(x) = (Fg,u Ji> fr) € Lo(H, ), { fx}° be
anorthonormal basisin H, fi € H,. Let, inaddition, functions & (x) satisfy the
conditions (§x, e,y = 0, &, E) gy =0for j #k, jk=1,2,....If

2

n 2 _ n
k; 18 G 1251 = 0(7% (n)lnzn)’ 4.3)

with .(n) determined in Theorem 4.1, then
ALF(x)=0 foralmostallx € H. “4.4)

On the other hand, there exists a function F(x) such that (4.3) is satisfied for
& =0 but (4.4) does not hold.

Estimate (4.3) (and, therefore, the harmonicity of F(x)) does not depend
on the choice of basis from the class of square close bases.

Proof. TheLévy Laplacian (1.3) is the limit of the sequence of arithmetic means
% Y i1 &k(x). It follows from the conditions of the theorem that {£,(x)}{° is a
sequence of orthogonal random variables, with expectation

E& =&, Doy =0, E&E =0 (j#K),

and variance

n n2
Var & = [|&1%,4.,) < 0. and ZVar%‘k = 0<7>
k=1

Ve(n)In®n
According to Petrov’s theorem [109], if {£}{° is the sequence of or-
thogonal random variables, B, =) ;_, Vargy — oo,  then % Y1l =
o(x/B,, f(B,) Inn) almost surely, where f(t) is a positive function on [y, 00)
such that Z,fiko(l/kf(k)) < oo (for example, f(n) = ¥.(n), € > 0). It fol-
lows from this theorem that if E¢, =0, ;_, Var{ = O(n?/y.(n)In*n),
then % Y =1 & — 0 almost surely. Therefore, according to the conditions
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of Theorem 4.2, % ZZ=1 & — 0 almost surely, i.e.,
. ] - "
ALF() = lim ~ ;wﬂa(x)fk, fion =0

for almost all x € H.
Now let us show that there exists a function F(x) such that although the
conditions of Theorem 4.2 are fulfilled, for ¢ = 0, F(x) fails to be harmonic.
In the space I, consider a function F(x) defined on /,, by

F(x)= - Z %(k)ln p H hjxjhexi

where x; = (X, ex)s,, {ex}7° is a canonical basis in [, and kg is chosen so as to
ensure that In---Inky > 0.
— —

Then
k

A F 1 —
L = n‘i‘;@nz I/fo(k)ln H

=1

The random variables

Sk(x)z W(k)l 2 l_[ jXj

are orthogonal:
k
Yok)In? k-

n I’l2
;VMS" =0 <¢o<n>1n2n) ’

and condition (4.3) is satisfied for ¢ = 0.
At the same time, the relation % ZZ:l &(x) — 0 for almost all x € [, does
not hold, because

()
—Zskm—z —ZMHDZ&()

(Abel’s transformation), the series Z,fiko & (x)/ k diverges, whereas the series
Z,fiko 1/(k(k + 1)) Zl;zl &;(x) converges almost everywhere on /,. Indeed,

PRELZE PRTAE

k=ko k=ko

E&§ =0, Var§ =

Therefore
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where
b = 2D
16k CONl 2o (h1,10)
is a orthonormal system,
1
&7 URin® Ink

is a positive monotone decreasing numerical sequence,

1
Yautk= 3 i =

k=ko k=ko

and, by the Men’shov—Rademacher theorem, it follows that this series diverges.
Due to the orthogonality of & (x) and condition (4.3) at ¢ = 0, we have

© 1 k 0 ] ‘ ) o
2 K+ / ‘;51‘ 0l < 2 | / (; £() ()]

o0

1/2
zgk(kﬂ) Z/S (pid)| <Az(k+1)«/—l/f0(k mk =%

and the series Z,fiko 1/(k(k + 1)) Zj:l £;(x) converges for almost all x € I,.

Proof of the last statement of the theorem.
Let {g;}{° be an orthonormal basis in H, g, € H,, distinct from { f; }{° and
square close to { f}7°. Without loss of generality, assume that

(Fp, (X)8n> 8n)u
n

-0

(a necessary condition for 1 Zk l(F’ (x)gk, &x)u — 0). Then

Fpp, (0)gi. g0 u(dx) =3 / (Fj, () i ()|
k=1

- / (Pl 0. 800 = (7 0 fe. Foon]
k=1

x [(F1, 860 80 + (Fp, (0 i S ||

[(Fiy )8k = £, 800m + (Ff, (0 s 86 = foom|

x [(Ff, 0081 80 + (Fj () fio fiou ()| = de Y Kllge = fill,
k=1
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because it follows from the condition of differentiability of the function F(x)
with respect to subspace H, that

/I(F}}a(X)h,g)HIM(dX) <clhllaligla, h.g € Hy.
H

But
o kllgk — felln ey N B
;—WU{) s(k;ngk £ill3) (; - IMk)) ,
and

o0 o0 1
lg— filly <00, 3 — <00 (>0,
2 Nl = Jilly 2 i

so, according to the Kronecker lemma, Y /_, kllgx — fillz = o(/n3¥e(n)).
Hence, taking into account that

2

Xn:II(F” ) fier fOullg = 0(”4)
e A Ye(m)In?n/’

we have
2

Fl (g g0 |12 :0("7).
;m 108k 8 11,00 oo

According to the first statement of the theorem,
AL F(x) = lim li(F” (x) gy =0
L = 2 H,\X)8k> 8k)H =

for almost all x € H. O

Theorem 4.3 Let function F(x) be twice differentiable with respect to the
subspace H, for some o > 0, and &.(x) = (F;}a fer» o € £2(H, 1), where
{fi}7° is an orthonormal basis in H, fi € Hy. Let also the functions &(x)
satisfy the conditions

/ [T g0 Gpn@n =] f &0, (&, (Ol 4.5)
k=1 k=1

H H
for any finite number of functions &, (x), ..., &pu(x) and for any bounded and
continuous functions g, (t), ..., g, (1), T € RL If

2

> ) ey = O(ﬁ) (4.6)

k=1
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where ni(x) = &(x) — fH & (x)u(dx), the function .(n) is determined in
Theorem 4.1, and

1 n
lim = f §()u(dx) = 0;
n—oon = g

then

ApF(x) =0 foralmostallx € H. @.7

On the other hand, there exists a function F(x) for which at ¢ =0 (4.6) is
satisfied, but (4.7) does not hold.

Estimate (4.6) (and, therefore, the harmonicity of F(x)) does not depend
on the choice of the basis from the class of square close bases.

Proof. It follows from the conditions of the theorem that {£(x)}{° is a sequence
of independent random variables, {n;(x)}{° is the sequence given by

Me(x) = & (x) — E&(x),

and the variances satisfy

Varg, = O(nz/wg(n)).

1

n
Var g = @)l gy, < 00, and
k=

According to Theorem 25 from Petrov [110], % ZZ:I nx — 0 almost surely.
But, by the above-stated condition of our theorem, % ZZ:I E&, — 0 almost
everywhere on H% Yoo & — 0, ie.,

1T
ALF(@) = lim ~ ;w;;a(x)fk, fu =0
for almost all x € H. O

Let us show that there exists a function F'(x) such that at ¢ = 0 (4.6) holds
but F(x) is not harmonic.
Consider the function

00 Xk Yk
Fo=Y [ [ etduan
k=k,

1 1
2kyygky) 2k Yotky)

on I, where ¢;(¢) is a function on R! such that, for k > k; we have

2 1
— 1/41 057 /4
() = @) ke o ¢ e (0. 50 ).

() = —(2m) ket * for ¢e(—m’°)’
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and ¢(¢) = 0 outside of these intervals; x; = (x, ex);,, {ex}{° is a canonical
basis in /,; the number k; is chosen to be such thatIn---Ink; > 0.
\—\(—/

m
The Lévy Laplacian of this function has the form

S
ALF() = lim — % gu(uene).
n—oon =
The random variables & (x) = ¢ (Arxy) are independent,

k
E%’kz(), Vargkzm.

Therefore
2

kZ:;Varék = 0(1//:)1(11)>’

and condition (4.6) is satisfied for ¢ = 0.
For k > ki , the probability

P&l = k) = pfx € I+ |§] = k}

.
2kyrp (k)

1 R e~ /8K (k)
= — / e_; /zdé‘ >,
V2 N 21 ko (k)

Ll
29 k)

because for ¢ € (—1/(2kyo(k)), 1/Q2kyro(k))) we have e~ 7/2 > o= 1/8kiv5 k),

The series Y, 1/(kyo(k)) diverges, therefore Y ;2 P(|&| > k) = oo,
and, according to the Borel-Cantelli lemma P(|&| > k for im.t.) = 1.

Therefore, the relation % Zzzkl &, — 0 almost surely is not satisfied (i.e.,
A F(x) = 0 for almost all x € [;). Indeed, if (4.7) did hold, then it would
be necessary that &.(x)/k — O almost surely, which contradicts the equality
P(|&| = k forim.t.) = 1.

The proof of the final part of Theorem 4.3 is similar to the final part of the
proof of the Theorem 4.2.

4.3 Translationally non-positive case

One can find functions for which conditions of Theorems 4.1-4.3 are not sat-
isfied but which, nevertheless, are harmonic. To this end one more condition
can be useful and will be given below. Notice that this condition does not
include the requirement of orthogonality or stochastic independence of second
derivatives, and so it is a certain complement to Theorem 4.1.
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Let us construct an example of a function for which the conditions of har-
monicity of Theorems 4.1-4.3 are not satisfied, but it is harmonic p-almost
everywhere.

Consider the function

> 1

F(x) = eV-1Hya—2 +672y2k—l +e*2)&u{—2
) ;IHZk)LZkfl)Mku( )

on [, where y; = Arx, xx = (x, ex)n, {ex}{° is a canonical basis in /.
The Lévy Laplacian of this function is

1 n
ApF(x) = lim — ,
LF(x) = lim n;skm

where

£, =0 for pr#2k—1, 4k—2,

Ao
Ey_1(x) = #(ehk-ﬁyu{-z + 46*2y2k—1)’ 4.8)
4k—2
Aaj—
Egpn(x) = #(@’qu-&-ﬂpz 4 46_2y4k—2)’ k=1,2,....
n 2k—1

The condition of harmonicity (4.1) in Theorem 4.1 is not satisfied, because

CAoj—
f | (0|7 pu(dx) = —2=L
In 2k)\,4k 2

CAgk—2

/ a0 () = S5

Both the conditions (5, §;)¢,m,) =0 (j # k) in Theorem 4.2 and (4.5) of
Theorem 4.3 are not satisfied.

Nevertheless, the function F(x) is u—harmonic almost everywhere. It sat-
isfies the conditions of Theorem 4.4 given below, and hence is harmonic.

Theorem 4.4 Let function F(x) be twice differentiable with respect to the
subspace H, for some a > 0, and &.(x) = (Fga fis f)a € £2(H, 1), where
{fx}° is some orthonormal basis in H, fi € Hy. If the functions & (x) satisfy
the conditions

E(x) = 0,
/ £ (08O < / £, (Ou(dx) f EOudx) for j £k,
H H H

2
k=1 k

= “nk”%: (H,p)
Supfék(x)u(dX) <oco, Y — 2 <oo,
k>1
H
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where

M) = E(x) — / E(Ou(dr),

H
and if
1 n

lim 3 / £ (Ou(dx) =0,

n—oo n —~ J
then

ApLF(x)=0 foralmostallx € H.

Proof. It follows from the conditions of the theorem that {£;}{° is the sequence
of arbitrary (dependent) random variables, and

E(x) >0, E&& <E§E& for j#k,

2. Var &,

Z < 00, sup/ék(x) u(dx) < oo.
H

= ¥ k=1

Note that the Gramm matrix ||(7);, ﬁk),gz([.]’ﬂ)”szl of functions {#x(x)}{°,
where i (x) = ni(x) /I (X) || &,H, )5 1.€., the matrix of the coefficients of cor-
relation of the random variables {£,(x)}{°, is a translationally non-positive ma-
trix, since (7, fix) e,y = 1, and by the condition of the theorem

/ £, (08 () (dx) < / £,() jdx) f E(udx) for j#k
H H H

SO(ﬁj,ﬁk)gz(H,u)fo fOI‘j;ék, j,k=1,2,....

According to the Etemadi theorem [35], % ZZZI Nk (x) — 0 almost surely.
But, by the assumptions of our theorem, % ZZZI E&i(x) — 0, therefore
% Y i &(x) — 0 almost surely, i.e.,

1 n
ALFE) = lim — 3 (Fj (9 fe, fion =0
k=1

for almost all x € H. O

Let us come back to the above example. The functions & (x), k = 1,2, ...,
given by (4.8), satisfy the conditions of Theorem 4.4:

E—1(x) > 0, Eg_o(x) >0,
£,(x) =0 for pp#2k—1,4k—2,

! The matrix ||ajk||?°k=1 is called translationally non-positive, if for some v > 0, ajx — véj; < 0.
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so we have &.(x) > 0;

dx) — 5¢* + 8e
/Ezk—l(x)&k_z(x)u( x) = T
</$ (x) (dx)/g (x) u(dx) = (e + e
= 2k—1 1% 4k—2(X) W = ey

/52:'71()6)54172()6)#(61)6) = /§2i71(x)li(dx)/54172()6)/1(61)6) fori #1;

therefore

/Ej(x)sk(x),u(dx) < /Ej(x)u(dx)/fk(x),u(dx),
15 I

b)”%k—l 2 b)“?lk—z

2
l1726—1 ||£2(H,,L) = Wa ||774k—2||)3(H,,4) = W
n k-2 n 2%k—1

El

hence

2
e ||77k||22(y,m
Z k2 < 00,

k=1
CA2k—1 Aak—2

@y = 2 dx) = 2

/&k 1(6) pldx) In2kXap—n’ /€4k 20x) ldx) = 1n2k)»2k 1

(b, ¢ are constants), so

lim — /Ek(X)M(dX)—O

n—oon

According to Theorem 4.4, Ay F(x) = 0 for almost all x € ;.
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Linear elliptic and parabolic equations
with Lévy Laplacians

The theory of linear equations with Lévy Laplacians is an essential part of
infinite-dimensional analysis. Numerous authors have obtained solutions of
various kinds of the problems in a variety of functional classes.

5.1 The Dirichlet problem for the Lévy-Laplace
and Lévy—Poisson equations

Consider the Dirichlet problem for the Lévy—Laplace equation A U (x) =0,
and for the Lévy—Poisson equation Ay U(x) = ®(x).

Let 2 be a bounded open set in a Hilbert space H (i.e. a domain in H), and
Q = QUT be a domain in H with boundary T".

The Dirichlet problem for the equation

ALU(x) = d(x)

is to find the function U(x), which satisfies the equation A, U(x) = ®(x) in
the domain 2 C H and is equal to some given function G(x) on the boundary
I' of this domain.

We define in H the domain

Q=xeH:0<0x) <1}
with the boundary
F''={xeH:Qx)=1}

where Q(x) is a twice differentiable function such that I" is a convex bounded
surface in H, and A, Q(x) is a constant positive non-zero number. We will call
such a domain fundamental.

As simple examples, we mention the ball

Q={xeH:|x|} <1}

68
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and the ellipsoid
Q={xeH:(Bx,x)y <1},

where B is a thin operator (i.e., B = y E + S(x), E is the identity operator, and
S(x) is a compact operator in H), and y > 0.
Consider the Shilov class of functions, i.e. the set of functions of the form

d(x) = $(x, l|xI7),

where ¢(x, &) is a function defined and twice differentiable on H x R!, such
that ¢(x, ||x||%1) = ¢(Px, ||x||%{), P is a projection on an m-dimensional sub-
space. In this case,

d¢

& le=lxi,”

This class contains cylindrical functions W (x), i.e. functions of the form ¥ (x) =
W(Px).

ALd(x) =2

Theorem 5.1 (G. E. Shilov) Ler G(x) = g(x, ||x ||§1) be a function from the
Shilov class and Q be a fundamental domain for which the function Q(x) has
the form

0) = |Ixll3 — W) + 1,

where V(x) is a cylindrical positive, twice differentiable function. Then in this
class there exists a unique solution of the problem

AtUx)=0 in Q, Ux)=Gx) on T,
given by
U(x) = g(x, ¥(x)). (5.1
Proof. The function g(x, W(x)) is cylindrical and, therefore, harmonic.
On the boundary I, the function Q(x) = 1, therefore U (x) = g(x, ||x||%,) =
G(x) there.

There exists a unique solution to the problem in the Shilov class. Since the
function U (x) is cylindrical for some projector P on R™ we have

Ux)=U(Px)=ulx,a)y,...,x,an)g), ai,...,a, € H,

where u(&y, ..., &,) is a function of m variables. If U(xy) = ¢ at the point
Xxo € H then there exists a hyperplane «(xp) which goes through the point xg
such that U (x) remains constant. Note that a hyperplane in H is a manifold of
finite co-dimension

ax)y={xeH:b,x)g=ci,...,0bp,x)=cn}, by,...,b, € H.
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On the intersection of a(xg) and I" we also have U(z) = ¢, z € I". Therefore,

for any harmonic function U (x) in 2 we have |U(x)|,cq < sup |U(x)|. Ityields
xel
the uniqueness of the solution of the Dirichlet problem for the Levy—Laplace

equation. O

Theorem 5.2 (G. E. Shilov) Let ®(x) = ¢(x, ||x||%,) be a function from the
Shilov class. Under conditions of Theorem 5.1 there exists a unique solution to
the problem

AtUx)=d(x) in Q, Ux)=Gx) on T,

which is equal to
! W(x)
Ux) =glx, ¥(x)) — 3 / ¢(x, Tyd. (5.2)
Il

Proof. From (5.2) by (1.4), we obtain
1
ALUx) = Apglx, W(x)) — §¢(x, W(x)ALP(x)

1 2 2 2
+ 2@ Xl ALIx Iy = o0x. [1x1l7).

since W(x) and g(x, W(x)) are cylindrical and, therefore, harmonic, and by (1.2)
we have AL||x||%1 =2.

On the boundary I' we have Q(x) = 1, therefore we have here U(x) =
g, [Ix[17) = G(x).

The uniqueness of the solution to the Dirichlet problem for the Levy—Poisson
equation follows from the uniqueness of the solution to the Dirichlet problem
for the Lévy—Laplace equation. O

One can extend (5.1) and (5.2) to general fundamental domains
Q=fxeH: 0<Q0(x)=<1,A.0(x)=c>0}
and to the class of functions of the form
P(x) = ¢(x, (Ax, X)),

where A = y4E + Sy, E is the identity operator, and S, is a compact operator
in H, ¢(x, £)is a function defined and twice differentiable on H x R!, such that
d(x, (Ax, x)g) = ¢(Px, (Ax, x)y),and P is a projection on an m-dimensional
subspace. In this case,

d¢

AL DP(x) =24 — .
LP(x) YA 9E le—(ar.0)
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We introduce a function

1 —
Ty = L 2W
AL Q(x)
which has the following properties:
1
0<Tkx) < , Tx)=0 atxel', A Tx)=-1 atx e Q.
ALO®) ‘

Theorem 5.3 1. Let G(x) = g(x, (Ax, x)g), A = YaE + S, and the domain
Q be fundamental. Then the function

U(x) = g(x, 2yaT(x) + (Ax, X)) (5.3)
is the solution to the problem
ArUx)=0 in @, Ux)=Gx) on T.
2. Let ®(x) = ¢(x,(Bx,x)y), B =ypE + Sp. Then the function

2ypT (x)+(Bx,x)n

1
Ux) = g(x,2yaT(x) + (Ax, X)n)n — 2 [ ¢(x, T)dr (5.4)

(Bx,X)n
is a solution to the problem
AUx)=d(x) in 2, Ux)=Gkx) on T.

The proof obviously follows from (1.4) and from the factthat A, T'(x) = —1,
and, hence

ApR2yaT(x) + (Ax, x)u]l =0, Ap[2ygT(x)+ (Bx,x)g]l =0 in Q.
In addition, T|F = 0, and, therefore, on I" we have U(x) = G(x). d

Consider equations in variational derivatives and functionals F(x) on the
Hilbert space of functions L,(0, 1).

Lemma 5.1 If a twice strongly differentiable functional V (x) attains its mini-
mum (resp. maximum) on xo(t), and Ay V(x) exists, then

ApV(xg) =0 (resp. ApV(xp) <0).
The proof obviously follows from the fact that
d*V (xo; h) > 0 (resp. d*V (xo; h) < 0) forall h € L,(0, 1),
at the point of minimum (resp. maximum) xy, and, therefore by Lemma 1.1,

ALV (x0) = M{d*V (xp;h)} = 0 (resp. ArV(xg) < 0).
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Lemma 5.2 Let W(x) be twice strongly differentiable harmonic in 2, contin-
uous in Q functional. Then

sup W(x) =sup W(x), inf W(x) = inf W(x).
xXeN xel’

xeQ xel
Indeed, given x(¢) € L,(0, 1) define
t+n
xp(t) = % / x(s)ds, x(t)=0 outsideof [0, 1].
t=n

The function x,(¢) is called a Steklov mean of a function x(z).

Let L}(0,1) be the image of L,(0,1) under this mapping, and Q, =
QNLY0,1), T, =TNLJO, 1). Itis known that x, (1) € L»(0, 1), x, — x in
L,(0,1) as n — 0, and an '), are closed in L,(0, 1) and compact for each
fixed 7.

Since W(x) is harmonic in €2, and continuous on S_Zn, it attains its max-
imum value on T',,. Let, on the contrary, sup W(x) = W(xg) = M,) > m, =

xeQ
sup W(x). We set
xely
1
My — my, 2
Vix)=Wkx)+ ——— [ x“(s)ds,
2d

0

where

1

d = sup /xz(s)ds,

xely,

and show that it attains its maximum at a certain point xo € €2,. Let sup V(x) =

xell,
V(xr), xr € I';. Then we have
1
M, — M. —
Vi) = Worr)+ 0 [ a2ds <y 4 202
2d 2
0
M, —m
=M, — % <M,
But for all x € Qn, V(x) > W(x), therefore sup V(x) > sup W(x) = M,,.
xeQ, xeQ,

This means that xo € 2,,. By Lemma 5.1, A; V(xo) < 0. Substituting V (x)
here and taking into account that A; W(xo) = 0 (because x € £2,), we obtain

that M, < m,, which is a contradiction. Thus, sup W(x) = sup W(x).
xeQ, xely,
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Since

En_,o sup W(x) = sup W(x), m,,_m sup W(x) = sup W(x),

xeQ, xeQ xell, xel
we have
sup W(x) = sup W(x).
xeQ xel
Similarly we obtain inf W(x) = inf W(x). O
xeQ xel

Theorem 5.4 The solution to the Dirichlet problem for the equation A U (x) =
0 is unique in the class of functionals U (x) that are twice strongly differentiable
in Q, continuous in Q and such that AU (x) exists.

Proof. Suppose that under the conditions of the theorem
ALUI(x) =0, ALUr(x) =0 in €, and Ul‘rz U2‘r= G(x).
Then for the functional W(x) = U;(x) — U,(x) we have
AWE) =0 in Q, W‘F= 0.
By Lemma 5.2, W(x) = 0, and so U;(x) = U(x). d

Theorem 5.5 The solution to the Dirichlet problem for the equation AL U (x) =
®(x) is unique in the class of functionals U (x) that are twice strongly differen-
tiable in 2, continuous in Q and such that AU (x) exists.

Proof. Suppose that under the conditions of the theorem
ALUI(x) = D), ALUs(x)=®(x) in £, and U ‘r= UZ)F= 0.
Then for the functional W(x) = U;(x) — U,(x) we have
AWE) =0 inQ, W‘F: 0.
By Lemma 5.2, W(x) = 0, and so U;(x) = U(x). |

Consider the class of Gateaux functionals; that is, the set of functionals of
the form

1 1
F(x)=/~-/f(x(t1),...,x(tN);tl,...,tN)dt1~-dtN,
0 0

where f(&,...,&n:t,...,ty) is a continuous function of 2N variables
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(—o < <00,0<t;,<1,k=1,2,...,N), and

N
f(Sl,...,EN;tl,...,tN)zO(bZEkz), 0<b<
k=1

Theorem 5.6 (E. M. Polishchuk) Assume that

ALQ

1 1
G(x):/~--/g(x(t1),...,x(tN);tl,...,tN)dtl---dtN,
0 0

belongs to the Gdteaux class, the domain Q is fundamental and dQ(x;h).
d*>Q(x, h) have normal form. Then the functional

1

1
1
U(x):W/.../dtl...dtN
0

0

00 00 N
_ Z (x(tk)frk)z

. /-~-/g(zl,...,;w;tl,...,me ST dgy - dey, (55)

where T (x) = (1 — Q(x))/(AL Q(x)), solves the problem
AtUx)=0 in Q, Ux)=Gx) on T.

Proof. Rewrite (5.5) in the form

1 1
Ux) = / e f u(x(ty), ..., u(ty)ty, ..., ty, T(x)dt, - - - dty, (5.6)
0

0

where

1 o0 o0
M(Elw-w%‘N;tla-~-,tN§7-')=W/"'fg(gl’---’gN;tl,-~-atN)
—00 —00

N A2
y exp{_z(sk 4t;k) }da--dm

k=1

is a solution to the Cauchy problem

u N 92y 1
_ZZ_Z (O<IS ,—OO<€[(<OO),
0&; ALQ

g(El,...,“;‘N;tl,...,tN). (57)

=0
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Let us derive the expression for the second differential of (5.6). Since we
can differentiate under the integral sign we obtain

1 1
N9
2 M - ... —_— . .
cuein = [ {;1 S 3g,
0 0 -

Js
N 2
+2Z8

82
n —[dT(x h)] —“dZT(x;h)}dzl.-- diy
'L'

By virtue of Lemma 1.1, taking into account that the differentials of 7'(x) have
normal form (because according to the condition of the theorem, the differentials
of Q(x) have normal form) we obtain

ALUx) = / /{ 8%‘ ALT(X)}d[1-~-d[N.
k

But A; T(x) = —1, therefore

ALU(X)—/ /{ 3%’ 3‘E}dt1 - dty
k

Since u(&y, ..., &n: 11, ..., ty; T) is a solution to the Cauchy problem (5.7) then
ApU(x) = 0 in the domain 2.
On the boundary I', we have T'(x) = 0. Therefore, on this boundary

U(X)=/-~-/M(X(I1),...,X(tN);ll,...,lN,O)dll-~-dtN
=/~-~/g(x(t1),...,x(tN);tl,...,tN)dtl~~dtN=G(x).
0 0

Theorem 5.7 (E. M. Polishchuk) Let

(D(X):f"'[@(X([]),...,X(ZN);ll,...,tN)dtl"'dt]v

be a functional from the Gdteaux class. Under the conditions of Theorem 5.6,
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the functional

1 1

1
= W/ /‘”‘“"”N

oo [}
(X(!k) !L)
4T()
X/ fg(fl,-~ yONs T, - tN)e kl dey---dey

Tx) 1 1 00 ( )
% é‘l""’é‘N;tlv"‘atN
- dt;...dt
/ U / b ”/ / [47 (T (x) — H)IV/2
0 0 0
_ (Xl/k)*Ckl
X e k; AT -1 dey - .dé‘N:Id[ (5.8)

is a solution to the problem
ALUx)=d(x) in 2, Ux)=Gkx) on T.

Proof. Rewrite (5.8) in the form
1 1
Ux) = /---/[u(x(tl),...,x(tN);tl,...,tN;T(x))
0 0

F V), e XN e S T(x))]dn - dty,

where u(&y,...,&En51, ..., ty; T) is a solution to the Cauchy problem (5.7),
and

v, ..., Enst, .. ENST)
__/'[/O'O.”]'ow(il,---,fN;fl,n-,fN)
[4m(t — 1)]N/2

g tk)
Z 4(t 1)

xe i dg“]-udg“N]dt

is a solution to the Cauchy problem

N 52y v (& En:t )
— — — = @1, ..., 86N, L EN
— 3gk2 ot

1
(O<r§A 0’ —00 < & < 00),
L

=0.
=0

v

The final part of the proof is similar to the proof of Theorem 5.6. O
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Note that solutions (5.5) and (5.8) belong to the uniqueness class mentioned
in Theorems 5.4 and 5.5.

Let us continue our study of the class of Gateaux functionals. The Dirichlet
problem for the Lévy—Laplace and Lévy—Poisson equations in the class of
Gateaux functionals is connected with the finite-dimensional heat equation
(Theorems 5.6 and 5.7). At the same time, the fundamental solution of the heat
equation gives rise to the Wiener measure. This lets us obtain the solution of
the Dirichlet problem using the integral with respect to the Wiener measure.

Let iz(O, 1) be the space of functions x(¢), square integrable on [0, 1] and
satisfying the condition (x, 1)7,0,1) = 0; I:z(O, 1) is a subspace of L,(0, 1). In
ﬁz(O, 1), one can define the Wiener measure — the Gaussian measure with the
zero mean value and the correlational operator

1 11
Kx(s) = %/min(r,s)x(s)ds — % // min(&, s)x(s)dsd&
0 00

(see Section 1.3).

Theorem 5.8 Let

1 1
G(x)=/~~~/g(x(t1),...,x(tN);tl,...,tN)dtl~--dtN
0

0

be a functional from the Gdteaux class. Let g(&1, ..., &N 11, ..., ty) be twice
continuously differentiablein &y, . .., &y and, together with its derivatives, inte-
grable in RN with respect to the measure having density (1/(2m)N/ 2)e_% T
Let in addition the domain 2 be fundamental, and d Q(x; h) and d* Q(x; h) have
normal form. Then there exists a unique solution to the problem

AtUx)=0 in Q, Ux)=Gx) on T,

which is equal to

1 1
Ux)= / /--~/g(x(t1)+2\/T(x)Y(t1),...,x(tN)
0

L,(0,1)0
+2T(X)Y(n)ity, ..., ty)dty - - - diy py(dy), (5.9)

where

_1-0@) (o) = y(oy,) R B
T(x)= 200" Y(t) = — g o= ;t o, = 0.



78 Linear equations with Lévy Laplacians

Proof. Let Co(0, 1) denote the set of all continuous functions ffom L0, 1).
There exists a one-to-one correspondence between Cy(0, 1) and Cy(0, 1) given
by
1
20 =30 =30, 30 =20 [ 2635
0
(1) € Co(0, 1), z(t) € Co(0, 1)).

If a functional F(y) is integrable in the Wiener measure on 150, 1)and ®(z) =
F(z — fol z(s)ds) is integrable with respect to the classical Wiener measure on
Co(0, 1), then

f F(itn(dy) = f B2yt (d2).

Co Co

The space Co(0, 1) has full measure in L,(0, 1) hence

f F(y)uw(dy) = / (D) (d2).

£,(0,1) Co(0,1)

Since

1 1
y(oy) — y(oy_,) = | z(oy) — /Z(S)ds —[z(oy_) — / z(s)ds]
0 0
= Z(Gtk) - Z(otk,1)1
we can rewrite (5.9) in the form

1 1

Ukx) = / /--~[g(x(t1)+2\/T(x)Z(t1),...,x(tN)

Co(0,1) O 0
+ 2T (x) Z(tn); t1, . . ., ty)dty - - - diy y(dz),

where Z(t;) = (z(0y,) — z2(04_,)/VT)(2(t) € Co(0, 1)).
Let us find the second differential of the functional U(x). By differentiating
under the integral sign we obtain

1

1
N 92,m = .
dzU(x,h))z / ff{z 8 g(‘-‘x(tl)""vux(tN)’tlv"'vtN)
= 908

Cp(0,1)0 0
ST (x; h ST (x;h
o [+ 20) 2 [ + 20
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N -
0g(Ex(t1), ..., Ex(tn)iti, ..., IN)
Z(1
+ E 08, ()

[azT(x;h) TGP
JVT() 273/2(x)

where E, (1) = x(t;) + 2T Z(t;).

By virtue of Lemma 1.1 taking into account that the differentials of 7'(x)
have normal form (because by the condition of the theorem the differentials of
Q(x) have normal form) we obtain

]}dtl - diy oy (d2),

1
N 2 — —
8 Ex(t), ..., Bi(tn)ity, ...t
ALUG) = /Z g(Ex(t) : 2( N)i N)
= &
Co(0,1)0
AT (x) 0g(Ex(t1), ..., Bx(tn)ity, ..., ty)
Z(t dty ---dtyuy(dz).
e AW e Jar -+ dtwpaaz

But A, T(x) = —1, therefore

1 1
ALU(x) = / / /i 32g(Ex(t1), ..., E,ZC(IN);tl,...,tN)
0 0 1 aék

Co(0,1)

1 0g(Bx(t1), ..., Bx(N)itr, - tN)
NG o, ]

By changing the order of integration, we obtain

dty - -dtypy(dz).

1
/ azg(Ex(n), e Bt )ity o ty)
0

P 2
Sl co<01) %
Z(tk) 8g(Dx(tl)7---, Ex(tN);th""tN):I
— dty ---dtyu,(d
N5 9, 1 N Hw(dZ)
N 1 1
=Y [ [ e e diy,
Ik=19 0
where
929(B(t))s - s Baltn)itrs -2 )
), oxin, oy = [ R SN
0&;
Co(0,1)

Z(tk) ag(Ex(tl)’ ey EX(IN);II’ ceey tN):I

Nia) 3, dty -+ -ditypy(dz).
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Let us compute the Wiener integral of the functional concentrated at points
Otyy Oty -+ - Oty

If the functional F(x) = f(z(t1), ..., z(tm)), where f(&;, ..., &,)isafunc-
tiononR”, and0 <71 <Tp <--- < 1T, <1, then

/ (@), ..., 2(Tm))w(dz)
Co(0,1)

—m/2 M (zi—zi_1)*

T Y =
=——— | fz1,....zme = T dzy e dzy,

([T — w12 jn
i

Since o, <0y, <0, <--- <oy, (here o, =0,04=1,0,=1+

ty,...,0p = ZlNzl t;), we have
Li(x(t), ... x(n)st, .., tN)

_ / /°° (&), . Bty )
(TL’N 1_[ l‘,)l/z—oo —00 8’;(2

1 zi—zk-1 38(Ex(th), .., ExCn)itr, - - fN)]

VT Vi 08
_ si=zi 1
X e i=l fi le"'dZN7

where E,(t) = x(t) + 2T (zx — 2x-1)//%)-
Let us change z; to & via (zx — zk—1)//Tk = {k/\/z; we obtain

Li(x(t), ... x(tn)ity, ooy ty)

/ / 328(ux(l‘1) N (7Y T 70|
(27T)N/2 a&}

- o N
G 08(Ex(tr), ..., By (fN);fl,.--,tN)]e*%ZIf

i=l .d
’—2T(x 9%, & {n
o N
?g(Br(t1), -, Bxltn)iti, ... ty) —3 28
=l dey---d
(271)N/2/ / o€ ¢ Sueedtn
00 o o
+ 1 \/\.\/ 1 8g(Ex(tl)a"'7Ex(tN);tlv"'vtN)
Qm)N2 V2T (x) 98k
—00 —00
8 _%Ngiz
x e Fdgy o dey,
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where 2, (1) = x(tx) + V2T &

Integrating by parts (in the second summand) we obtain that [y = 0. There-
fore, A;U(x) = 0 in the domain 2.

On the boundary I', the functional U(x) is equal to G(x), because on
I', we have T'(x) = 0, and the Wiener measure of the whole space iz(O, 1)
is equal to 1.

In addition, U (x) lies in the uniqueness class indicated in Theorem 5.4. O

Theorem 5.9 Let
P(x) = / e / Ox(t), ..., x(In)s 1, ..., ty)dt - - dity

be a functional from the Gdteaux class. Let ¢(&(ty),...,E(N) 1, ..., IN)
be twice continuously differentiable in &, ...,Ey and, together with its
derivatives, integrable in RN with respect to the measure having the den-
sity (1/(271)N/2)e’% 16 Then under the conditions of Theorem 5.8. there
exists the unique solution to the problem

ALUx)=d(x) in 2, Ux)=Gkx) on T,

which is equal to

Ux) = // /(X(t1)+2\/T(x Y (@), ..., x(ty)

£2(0,1)0

+2/T(x) Y(IN)‘ t, ..o ty)dty - - diy o, (dy)
T(x)
/ / / /w(x(t1)+2v T(x)—§&Y(1),...,x(N)
0 7,010 0

+2/T(x)—EY(tn);t1, ..., tn)dty ... dtypy,(dy)dE.

Proof. If one has the solution to the Dirichlet problem for the Lévy—Laplace
equation (Theorem 5.8), it is sufficient to show that the solution of the Dirichlet
problem with homogeneous boundary conditions for the Lévy—Poisson equa-
tion ALV(x) = ®(x)in 2, V(x) =0on I, is equal to

T(x)
Vi) = f/ / / (i) + 2VT ) — EX (1), ..., x(i)
0 7,0,1) 0

+2T(x) —EY(tn);t1, ..., tn)dty - - - dty py, (dy)dE.
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Computing the second differential and the Lévy Laplacian of the functional
V(x) (the scheme of computation does not differ from that given in the proof
of Theorem 5.8), we obtain

ALV(X) = —/ .- ~/g0(x(t1), . ,)C(tN);tl, e ,tN)dtl . -~dINALT(X)

T(x)

1
/ / / /i 0%0(Br (1), -, Brg(tn)itt, - 1n)
= 9E2
0 f,0,1) 0 0 k=1 k
ALT(X)
+———==Y®)
VT(x)—§
0p(Bre(ty), ..., Bretn)ity, ... ¢t
y o(Ex (1) Nt N)]dt1 e dty o (dY)E.
08k
where Ex’g(l‘k) = x(tp) + 2T — EY(1y).
But A; T(x) = —1, and the second summand is equal to zero (see the proof

of Theorem 5.8). Therefore A; V(x) = ®(x) in the domain 2.

On the boundary I" the functional V (x) = 0, becauseon " wehave T(x) = 0
and the Wiener measure of the whole space I:z(O, 1) is equal to 1.

In addition, V (x) lies in the uniqueness class indicated in Theorem 5.5. O

Consider the class of functionals which can be represented in the form of a
series in terms of orthogonal polynomials Py, P, (x), withm,q =1,2, ...,
introduced in Section 2.2.

Theorem 5.10 Let G(x), be a functional defined and continuous on L,(0, 1),
and which admits the representation in the form of a series in the polynomials
Po, Pmg(x), m,q = 1,2, ... absolutely and uniformly converging on . Let
the domain Q be fundamental, and d Q(x; h) and d* Q(x; h) have normal form.
Then there exists a unique solution of the problem

AtUx)=0 in Q, Ux)=Gx) on T,
which is equal to
U)=GoPo+ Y GugPug(),
m,q=1
where

Go = / GOtn(dx). Gy = / G () Pog (),
1,(0,1) 1,(0,1)
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. 1 ! 1
Hiy ()= / I1 /0 [x(t) + 2/ T () Y (1)
. k=1

L,(0,1)

1 1 Itg
x / . / St tigg) || 1) + 20T Q) Y())ldtj e (dy),
0 0

j=1+1
L 1 1 1 g
H;v,q(x) = l_’ H/xz(tk)dtk / e / S(tg1y .-, tl+q) l_[ x(tj)dtj,
k=1 0 0 0 j=I+1
20 4+v =m,

are the forms according to which the polynomials P,,4(x) are constructed (see
(2.4)),

ALQ(x)’ Vi

Proof. The forms Hj, ,(x), and, therefore, the polynomials P,,,(x), are
Gateaux functionals satisfying the conditions of Theorem 5.8. Therefore,

AL,ﬁmq(-x) =0in Q, 75mq F: qu(x)-

By Lemma 52 we have inlf ﬁmq(x) = inf ﬁmq(x) < ﬁmq(x) <
X€ xe

. k
T(x) = ﬂ Y(t) = M’ o, = Zti; o, = 0.
i=1

sup ﬁ,nq(x) = sup 75mq(x) for a functional 75mq(x) harmonic in 2 and con-
xed xel

tinuous in Q. Since ﬁmq‘rz Prg(x), we have |P,,(x)| filelpl?mq(x)|.
By the absolute and uniform convergence on € of the series
Go + Z;’fq GngPmg(x), the series Go + anoq GungPrg(x) converges uni-
formly on Q. The series > 7 Gongd Py (x; h), Y omd Gugd*Pug(x;h), h €
L,(0, 1), and ano q G A L75mq (x) converge uniformly on €2 as well.

This along with the equality A L75mq(x) =0 in €, ﬁmq(x)‘r=

Prg(). m.q =1,2,...means that A Ux)=0 in & U‘rz G(x), and

that U (x) lies in the uniqueness class indicated in Theorem 5.4. |

Theorem 5.11 Ler ®(x) be a functional defined and continuous on L,(0, 1),
and which admits the representation as the series in the polynomials
Po, Pmg(x), m,q = 1,2, ..., absolutely and uniformly converging on Q. Then
under the conditions of Theorem 5.10 there exists the unique solution of the
problem

AUx)=d(x) in 2, Ux)=Gkx) on T,



84 Linear equations with Lévy Laplacians

which is equal to

U) =GoPo+ Y, GugPuy(x) — <<bo7>o+ > q>mq75mq<x>),

mog=1 mg=1
where
Py = / D), Byg(x) = / B )Py (1)1 (),
Lo(0,1) Lo(0,1)
| T(x) Do
A= [ T e+ 207t = vaoran
0 £0(0,1) k=170
1 1 l+q
x [ st st T
, , i

+2/T(x) — £ Y(t))ldt; o (dy)dE, 21+ v =m.

Proof. Given the solution of the Dirichlet problem for the Lévy—Laplace equa-
tion (Theorem 5.10), it is sufficient to show that the solution of the Dirichlet
problem with homogeneous boundary conditions for the Lévy—Poisson equa-
tion ApV(x) = &(x)in 2, V(x) = 0on I is equal to

Vix)=— (@0730 + > c1>mq13mq(x)> :
m,g=1

The forms Hj, 4(), and, therefore the polynomials 75mq(x) as well, are
Gateaux functionals which satisfy the conditions of Theorem 5.9. Therefore

ALﬁmq(x) = —'qu(x) in Q, i)mq‘rz 0.
The final part of the proof does not differ from that given in Theorem 5.10.
O

5.2 The Dirichlet problem for the Lévy—Schrodinger
stationary equation

We now consider the Dirichlet problem for the Lévy—Schrédinger equation
ALUx)+ P(x)U(x) =0, (5.10)

where U (x) is a function to be determined and P(x) is a given function on H.
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Theorem 5.12 Let G(x) be a function defined and continuous in a bounded
domain Q UT of the space H.

If V(x) is a solution of the equation ApV(x) = —P(x), then the solution
of (5.10) is equal to

Ux) = W(x)e"™,

where W(x) is an arbitrary harmonic function on H.
The solution of the Dirichlet problem

ALUx)+Px)Ux)=0 in , Ux)=Gx) on T
has the form
Ux) = W(x)e"™,

where V (x) is the solution of the Dirichlet problem for the Lévy—Poisson equa-
tion

ALV(x)=—P(x) in 2, V‘ —0,
r
and \V(x) is the solution of the Dirichlet problem for the Lévy—Laplace equation
AV =0 in @ V| =Gw.
r

The solution exists and is unique in the same functional classes where there
exists the unique solution of the Dirichlet problem both for the Lévy—Laplace
equation and the Lévy—Poisson equation.

Proof. By formula (1.4) for m = 1, we derive
U(X)H _ AU
W(x) Ux)

AL [m’
and

ArLV(x) = —Px),

where V(x) = ln‘ gg; , for U(x) # 0 and for arbitrary harmonic function
W(x) # 0.

Hence, U(x) = W(x)eVW,

The conditions V‘ =0, and \If‘ = G(x) ensure V = G(x).

The final statement of the theorem is clear. a

Note that, in contrast with the finite-dimensional case, the condition P(x) <
0 is not required for the uniqueness of the solution of equation (5.10). This,
in particular, follows from the uniqueness theorems for the solutions of the
Lévy-Laplace and Lévy—Poisson equations given in Section 5.1.
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5.3 The Riquier problem for the equation
with iterated Lévy Laplacians

The Riquier problem for the equation with iterated Lévy Laplacians

Fx,Ux), ALU(x), ..., ALUx)) = d(x),

where the function F(x, uy, ..., u,) is defined on H x R", consists in find-
ing a function U(x) satisfying this equation in a bounded domain Q2 C H
and such that U(x), ALU(x),..., A’L_l U(x), are equal to given functions

Go(x), G1(x), ..., G,—1(x) on the boundary I" of this domain.

It is especially simple to solve the Riquier problem for the polyharmonic
equation A} U(x) = 0.

Given functions Go(x), Gi(x), ..., G,_1(x) defined and continuous in
a bounded domain QUT of the space H, one can reduce the Riquier
problem

AUx)=0 in Q, U(x)= Gox),

ALUx) = Gi(x), ..., A7'Ux) = G,=y(x) on T
to the Dirichlet problem for the Lévy—Laplace equation and to (» — 1) Dirichlet
problems for the Lévy—Poisson equation.

Indeed, the Riquier problem for the polyharmonic equation can be reduced
to the following system:

AU =0 in @, Up| =G,
AU = Upa(x) in @, Upa| = Grato), s
AL = Uax) in @, Ul = Gi),

AU =Uy(x) in Q. U(rz Go(x).

It is clear that there exists a unique solution to the Riquier problem for the
polyharmonic equation in the same functional classes in which there exists a
unique solution of the Dirichlet problem both to the Lévy—Laplace and Lévy—
Poisson equations.

Consider now the linear equation for iterated Lévy Laplacians with harmonic
coefficients

A U+ Hi()AT'U@) + -+ -+ H(x)U(x) = 0, (5.11)

where H;(x) are harmonic functionon H, j =1,2,...,r.
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The equation with constant coefficients
AU +a AU + - +a,U(x) =0
is a special case of equation (5.11).

Theorem 5.13 (E. M. Polishchuk) Let Go(x), Gi(x), ..., G,_1(x) be func-
tions defined and continuous in a bounded domain Q U T of the space H.
If all roots Ay(x), ..., A.(x) of the equation

A (x)+ H@OA @)+ -+ H@x)=0 (5.12)

are different, then the solution of equation (5.11) is equal to
4 1
U = YW@ exp{ S A @lxll .
j=1

where W ;(x) are arbitrary harmonic functions.
If, in addition, for all x € Q, A;(x) # A;(x), j # i, then the solution of
the Riquer problem

AU + Hi(O)A, U@ + -+ H@UE) =0 in 9,
Ux) = Go(x), ALUx) = G(x), ..., A, 'U(x)=G,_(x) on T

has the form
r !
Ux) = Z\yj(x)eprz\j(x)||x||§1}, (5.13)
j=1

where WV ;(x) satisfy r Dirichlet problems for the Lévy—Laplace equation:
ALU,()=0 in L \Ifj(x)‘f A), j=1....m

and A j(x) solve the system of linear equations
J 1
3 \I/j(x)A;’(x)eXp[EAj(x)||x||%_,}= Gu(x), m=0,....r—1. (5.14)
j=1

Proof. By (1.4), A ;(x) are harmonic functions. Since the W;(x) are harmonic
functions as well, and A, || x| |%, = 2, then by (1.4),

r 1
A"U(x) = Zxpj(x)A';?(x)exp{EAj(x)uxui,}, m=1,...,r
=

Substituting these expressions into (5.11), and taking into account (5.12), we
obtain an identity.
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The determinant of the system (5.14) is equal to

1 r
exp{ 2 3 Al A1) = As()]- (A1) = A (x)]
j=1
X [A2(0) = AsCO] -+ [A2(0) = A,C0] X+ X [Ar 1) = A, ()]

It is not equal to zero, because, according to the theorem condition, we have
Ai(x) # Aj(x)forx € Q, i # j. Therefore, we have reduced the Riquier prob-
lem to r Dirichlet problems for Lévy—Laplace equations. O

Note that solution (5.13) exists and is unique in the same functional classes
where there exists a unique solution of the Dirichlet problem for the Lévy—
Laplace equation.

In a similar way one can write the solution of the Riquier problem in the case
of multiple roots of equation (5.12). However, one should take into account that
if the root A;(x) has multiplicity k;, I = 1, ..., p, then

p 2
I
U() = ;[\vnm W) 4
AL
9,0 (F5 ) Jexp{ S A
2 2
where Wy, (x) are harmonic functions ¢ = 1, ..., p), Y. ki =r.

5.4 The Cauchy problem for the heat equation

Consider the heat equation

aU(t, x)

=AU, x),
Y LU, x)

where U(t, x) is a function on [0, 7] x H.
It follows from the work of Polishchuk [118], that the Cauchy problem for
the heat equation

aU(t, x)
ot

=AUt x), U@O x)=GCGx)

corresponds to its dual problem, i.e., the Dirichlet problem for the Lévy—Laplace
equation

AUx)=0 in @, U=G(x) on T.
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The part of the time variable ¢ is played by the function
1 -0,
ALQ(x)’

which is defined on the fundamental domain

T(x)= Tx)>0atx e, T(x)=0atx eT,

QUI={xeH:0<Q0x) <1, ApQ(x)=const.}.

Based on theorems from Section 5.1 we can formulate the following theo-
rems.

For the class of functions of the form ®(x) = ¢(x, (Ax, x)y), where
A = yoE + Sa, ¢(x, ) is a function on H x R!, such that ¢(x, (Ax, x)g) =
¢(Px, (Ax, x)y), then P is a projection on an m-dimensional subspace:

Theorem 5.14 Let G(x) = g(x, (Ax,x)g), A = YaE + Sa. Then
U(x) = g(x, 2yat + (Ax, X))
is the solution of the problem
aU(t, x)

ot
For the class of Géteaux functionals:

=AU, x), UQO x)=G(x).

Theorem 5.15 Let
1 1
Gx) = f e / gx(ty), ..., x(tN)sty, ... ty)dty - - - diy,
0 0
be a functional from the Gdteaux class. Then

1 1
1
U(x):W/.../dtl...d[N
0 0

[e¢] oo

N () — )2
X// 8(517-~-,§N;f1,---JN)GXP—ZWCJQ”UQV
—00 —00 k=1

is the unique solution of the problem
oU(t, x)
ot
Theorem 5.16 Let

=AU, x), U0 x)=G(x).

1 1
G(x)=/~-~fg(x(t1),...,x(tN);tl,...,tN)dtl~--dtN,
0 0
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be a functional from the Gateaux class. Let g(&1,...,&En;t, ..., IN)
be twice continuously differentiable in &, ...,&y and, together with its
derivatives, integrable in RN with respect to the measure having density
(1/(271)N/2) exp(—% ZlN:l Eiz). Then there exists a unique solution of the prob-
lem

aU(t, x)

rye AU, x), U@, x)=G(x),

which is equal to

1 1
Ux) = //--~/g(x<z1>+2JZY(t1>,...,x<rN)
0

L,(0,1)0
+2VtY (ty)ity, .. ty)dty - - - diy i, (dy),

where

y(01) = y(oy_) :
Y(t) = #; Oy = ;ti: oy, =0.

For the class of functionals which admit the representation series in or-
thopolynomials:

Theorem 5.17 Let the functional G(x) be defined and continuous on L,(0, 1)
and be represented in the form of an absolutely and uniformly converging series
in the polynomials Po, Ppng(x), m,q =1, .... Then there exists the unique
solution of the problem

aUu(t, x)

” =AU, x), UQO,x)=G(x),

which is equal to
o0 A
Ux)= GoPo + Z ququ(X),
m,q=1
where

Go = / Gpu(dx), Gy = [ G () Pong (),

£5(0,1) L2(0,1)

. 1 ! 1
Hpy () = 31 / I1 /0 [x(1) + 2Vt Y (1)) diy
. k=1

L,(0,1)
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1 1 l+q
x / / St - tieg) [ Ix)) + 2V2Y @)1dt; pau(dy),
0 0

j=I+1
204+v=m,
| 1 1 1 g
g = 11 [xaan [ [ st T] xtas,
=19 0o 0 =it
2l+v=m

are the forms according to which the polynomials P, 4(x) are constructed (see

Q@4), Y1) = (3(03) = y(o1,_ )/ Vik; 01, = Yy fis 07, = O,

Proofs of Theorems 5.14, 5.15, 5.16, and 5.17 coincide with proofs of
Theorems 5.3, 5.6, 5.8, and 5.10, respectively.



6

Quasilinear and nonlinear elliptic equations
with Lévy Laplacians

Solutions of Dirichlet and Riquier problems for quasilinear and nonlinear ellip-
tic equations are constructed in the same functional classes in which the solution
of the Dirichlet problem for the Lévy—Laplace equation exists (the reduction
of the problem). This allows us to cover various functional classes, since the
Dirichlet problem for linear equations with Lévy Laplacians has been solved
in numerous works for a wide variety of classes.

6.1 The Dirichlet problem for the equation
AU = fUX)

It was shown by Lévy that a general solution of the equation solved with respect
to the Lévy Laplacian (quasilinear)

ALUX) = fUW)), (6.1)

where U(x) is a function on H, and f(£) is a given continuous function of a
single variable in the range of {U(x)} in R!, is given by the formula

1
eU(x)) — EIIXIIQ = WY(x), (6.2)
where
_ [ 4§
&) = 7@

W(x) is a harmonic function on H. The solution of the Dirichlet problem
AU = fU) in 2 U| =G,

where 2 is a bounded domain in H with aboundary I" and G(x) is a given func-
tion, is reduced to the solution of the Dirichlet problem for the Lévy—Laplace

92
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equation
. 1
ALY =0 in Q W =¢Gx)— x| .
r 2 r
Indeed, from (6.2) by (1.4) for m = 1, we obtain
1
GLUCNALU) = S ALlx][f = AL ¥ ().
But ¢, (§) = 1/f(£); by (1.2), A|lx||}; =2, and A, W(x) = 0; therefore

ALUx) = f(U(x)).

It is also clear that, since (6.2) is solved with respect to W(x), the Dirichlet
problem for equation (6.1) is reduced to the Dirichlet problem for the Lévy—
Laplace equation.

Example 6.1 We solve the Dirichlet problem in a unit ball in the space H for
the equation

ALU(x) = U(x),

= (T(x —x0), x — Xx0)H,
[]x]13,=1

where T is a positive compact operator in H, xo € H, and ||xollg > 1.
For this equation,

1
fE =8, @)= s
and, by (6.2), its solution has the form
1

U -
=TT T v

It allows us to find W(x) on the surface ||x||12L1 = 1. The solution of the
Dirichlet problem in a ball of the radius 1 for the Lévy—Laplace equation
_ 24+ T —x0),x — X0)n

Ap¥(x) =0, =
) IxlF=1 2(T (x — x0), X — X0)H

has the form (see Section 5.1)
24+ (T(x —x0), X — X0)H
2T (x — x0), x — X0)n
Substituting W(x) into the solution of the equation, we obtain the solution
of the problem:

W(x)=—

2(T(x — x0), X — X0)u

Ukx)= 5 .
(I = lxll3)(T (x — x0), x — x0)m + 2
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6.2 The Dirichlet problem for the equation
fWUx), ALU(x)) = F(x)

Consider the nonlinear equation which is not solved with respect to the Lévy
Laplacian

FUX), ALUX) = F(x), (6.3)

where U(x) is a function on H, and F(x) is a given function defined on
H, f(&,¢)is a given function defined on R?.

Theorem 6.1 Let f (&, ¢) be a twice continuously differentiable function of two
variables in the range of {U(x), AL U (x)} in R?, and the function F(x) satisfy
the conditions Ap F(x) =y # 0, where y is a constant. Then the solution of
equation (6.3) (written implicitly) has the form

FUX), oU(x), ¥(x))) - F(x) =0, (6.4)

where ¢ = w(&, c) is a solution of the (nonlinear) ordinary differential equation

, ac ., _Y
T (€, s“)% + fi. ) = 3 (6.5)

and V(x) is an arbitrary harmonic function on H.
If (6.4) is solvable with respect to W(x),

V(x) = oUx), F(x))
(here @(&, B) is some function on R?), then the Dirichlet problem
fW@, AU = F(x) in 2, U| =G,
is reduced to the Dirichlet problem for the Lévy—Laplace equation
ALY =0 in Q, xy‘rz o(G(x), F(x)).

If, in addition, (6.4) is uniquely solvable with respect to W(x), and if the
Dirichlet problem for the Lévy—Laplace equation has a unique solution in some
functional class, then the solution of the Dirichlet problem for equation (6.3)
is unique in this class.

Proof. Applying (1.4) twice with m = 2, we obtain from (6.4) that
[iU, oU, ¥)ALUX) + f{(U, oU, ¥))

00 \ U 00 N w AL F(x)=0
X[g L (x)+§ L (X)]— LF(x)=0.
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Since AW (x) =0, AL F(x) = y, we have
ow
0§

But, according to the condition of the theorem, w(&, c) satisfies the equation
(6.5),1i..,

[fg/(U, (U, V) + f{(U, o(U, V) } AUx)=y.

/ / do _y

therefore, ZA U = y. Hence
AU =w(U, V).

Substituting this into (6.3) and taking into account (6.4), we obtain the identity.
The final conclusions of Theorem 6.1 are obvious. O

Example 6.2 We solve the Dirichlet problem in a unit ball of the space I, for
the equation

X2 [ALUO — 4U()ALUx) + [1x]2 = 0,

1 o0
= —cosh » x', m>3.
el =1 2 ,; ¢
Rewrite it in the form
4Ux)ALU(x) 2
TR —
[ALUMX)]" + 1
For this equation we have
4£¢
s = ", - 2,
N e
and (6.5) takes the form
260 de
2+ 1) dg

Its solution is § = +4/2&/c — 1.
Substituting the expression w(U, W) =+./QU(x)/V¥(x)) — 1, into (6.4), we
obtain the solution of the equation:

x4+ w2 x)

VO ="—m

It allows us to find W(x) on the surface ||x ||122 = 1 which corresponds to the
boundary condition problem. The solution of the Dirichlet problem in a unit
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ball for the Lévy-Laplace equation

1 o0
ALW(x) =0, \1/‘ — —explt>
‘ Ilf=1 2 p{ ,; ‘ }

has the form (see Section 5.1)

1 o0
W(x) = = exp {:i:Zx,T} .
2 k=1

Substituting W(x) into the solution of the equation, we obtain the solution
of the problem:

1 o0 00
U(x)=Z[IIXII§§eXp{ﬂF X;T}Jrexpiiz x;ﬁ"”
k=1

= k=1

6.3 The Riquier problem for the equation
AlU®X) = fUK)

Consider the equation solved with respect to the iterated Lévy Laplacian (quasi-
linear)

ATU) = fU X)), (6.6)
where U (x) is a function on H, and f (&) is a given function on R

Theorem 6.2 Let f(£) be a continuous function of a single variable in the
range of {U(x)} in R'. Then the solution of (6.6) (written implicitly) has the
form

1
Do(U(x), Wo(x), Wi(x)) = 5||x||%,, (6.7)

where

D&, co, 1) = / G o) + co,

®1(E, ) = i‘lsz@)dsm;

Wo(x), Vi (x) are arbitrary harmonic functions on H. In addition,
ALUx) = &1(U(x), Y1(x)). (6.3)
If (6.7), (6.8) are solvable with respect to Wy(x), ¥i(x):

Wo(x) = go(l1x]13, Ux), ALUK)),
Wi (x) = ¢ (U(x), ALU®x))
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(here po(a, €, ¢) is a function on R3, @|(£, ¢) is a function on R?), then the
Riquier problem

AU = fUW) in 2 U| =Gow), ALUW| = Gix),

where Gy(x), G1(x) are some given functions, is reduced to a couple of Dirich-
let problems for the Lévy—Laplace equations: the solution to the Riquier prob-
lem has the form of (6.7), where Wy(x), Wi(x) are solutions of the problems

AWo(x) =0 in %‘r:cpo(llxllé

L Go(x), G1(),
T
A =0 in 2, W] = i(Gox), Git).

If, inaddition, (6.7), (6.8) are uniquely solvable with respectto Wy(x), ¥ (x),
and if the Dirichlet problem for the Lévy—Laplace equation has a unique so-
lution in some functional class, then the solution of the Riquer problem for
equation (6.6) is unique in the same class.

Proof. From (6.7) by (1.4) for m = 3, we obtain
0Py(U, Yo, ¥1) 00U, ¥y, ¥1)

AU — AV
0F tUx) + 3c L Wo(x)
a(DO(Ua "I'[()’ \I’ll) 1 2
— AV =-A .
+ 3e, LVi(x) 7 Lllx|l
In so far as
d®o(&, co, c1)
_ . ALWo(x) = A W (x) = 0,
0F BE o) L Wo(x) LVYi(x)

and Ar||x]|3, = 2, we have
ALU(x) = @1(U(x), Wi (x))

(using formula (6.8)). By (1.4) for m = 2, we obtain
(U, ¥ 00 (U, ¥
A U(x) = IO T ey + 22U g,
o0& acy
In so far as

0P (&, c) _ f® __f®

%y L fEds e PEe)

and A; W (x) = 0, we have

o FUG)
ALY = g W, vy VY
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But A;U(x) = &;(U(x), ¥(x)); therefore
ALU@) = fU(x)).

The solution U (x) (given implicitly by (6.7)) satisfies equation (6.6) in €2 if
ApWo(x) =0in 2, and Ay W (x) = 0in 2. By the assumptions of the theorem
we get Wo| = go(lx1;| . Go(), G, W] = 1(Gox), G,

Hence the solution to the Riquier problem has the form of (6.7), where
Wo(x), Wi(x) are solutions of the Dirichlet problems

Awon =0 in 2 Yo =go(IIIE| . Got, Giw),

A =0 in @ W] = ¢i(Golx), i)
The final conclusion of Theorem 6.2 are clear. O

Example 6.3 We solve the Riquier problem in a unit ball of L,(0, 1) for the
equation
A2U(x) = V™,
1

= /cosx(s)ds,

Hxlliz(oA]):l
0
| 1
ALU(x) 3exp{—/cosx(s)ds}.
HX”LZ(U_])ZI 2
0
For this equation, we have
fE) = ¢,

therefore

Di(&, c1) = £v265 + ¢y,
V28 V2t = a
V2eE +c + \/_

According to (6.7) we obtain the solution of the equation

U = nf 35 3/ (51100~ w0) ]|

In addition,

Do(&, co, 1) = i— +c0, ¢ > 0.

ALU(x) = £/2eV0) — W (x).

It allows us to find Wy(x) and W{(x) on the surface ||x||iz(0’1) =1 corre-
sponding to the boundary conditions. The solutions of the Dirichlet problems



6.4 The equation f(U(x), AJU(x)) = ALU(x) 99

in a unit ball of L,(0, 1) for the Lévy-Laplace equation

1
= 1 — exp{—% /cosx(s)ds}ln(Z:I: \/g)

13, 00=1 2

ApWo(x) =0, Py

0

and
1

, = exp{/cosx(s)ds}
“XIILZ((U):I

0

ApVi(x) =0, W

have the form (see Section 5.1)
1

Yy(x) = % — exp{—%exp{—%(l — /xz(s)ds>}

0
1

X /cosx(s)ds]ln(Z:l:\/g),

0
1 1

Y(x) = exp{exp{—%(l - /xz(s)ds)}/cosx(s)ds}.
0 0

Substituting Wo(x) and W(x) into the solution of the equation, we obtain
the solution of the problem:

1 1

Ux) = 1n(% exp[exp[—%(l — /xz(s)ds)}/cosx(s)ds}

0 0
1

X sinh_z[% exp{%exp{—%(] — /xz(s)ds)}/lcosx(s))ds}
0

0

x (117,01 — 1) + %ln 2=+ ﬁ)])

6.4 The Riquier problem for the equation
fU®),AlU(x) = ALU(x)

Consider the nonlinear equation not solved with respect to the iterated Lévy
Laplacian, but solved with respect to the Lévy Laplacian

fUE), ATU®E) = ALU(x), (6.9)

where U (x) is a function on H, and f(&, ¢) is a given function on R?.
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Theorem 6.3 Let f (&, ¢) be a twice continuously differentiable function of two
variables in the range of {U (x), A%U(x)} in R2, If¢ = w(§, cp) is the solution
of the (nonlinear) ordinary differential equation

¢

, ac .,
» §)— )= ——7, 6.10
O+ 60 =+ (6.10)
then the solution of (6.9) (written implicitly) has the form
1
DU (x), Wo(x), ¥i(x)) = Ellxll%q, (6.11)
where
d§
D&, ¢, =) — ;
= [ fE wE )
Wo(x), Wi(x)are the arbitrary harmonic functions on H. In addition,
ALU(x) = f(Ux), o(U(x), ¥o(x))). (6.12)

If (6.11) and (6.12) are solvable with respect to Vo(x), ¥ (x):

Wo(x) = @o(U(x), ALU(x)),
W (x) = g1 (I1x]1, U), ALUK))

(here (&, ¢) is a function on R?, ¢\(a, £, ¢) is a function on R>), then the
Riquier problem

fUX),AJU®) = A UK) in <,

U‘ = Go(x), ALU®X)| = Gi(x),
I I

where Go(x), Gi(x) are some given functions, is reduced to a couple of
Dirichlet problems for the Lévy-Laplace equations: the solution to the
Riquier problem has the form (6.11), where Wy(x), Wi(x) are solutions of the
problems

ALUy(0) =0 in @ wo\r=¢0<Go(x),Gl(x)),

A =0 in 2 Wi = el

L Go(x), G1(@)).
r

If, in addition, (6.11),(6.12) are uniquely solvable with respect to
Wo(x), Vi (x) and if the Dirichlet problem for the Lévy—Laplace equation has a
unique solution in some functional class, then the solution of the Riquer problem
for equation (6.9) is unique in the same class.
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Proof. From (6.11) by (1.4) for m = 3, we obtain
Q(U, Wo, ¥1)ALU(x) + D (U, Vo, W1)ALWo(x)
, 1
+ @, (U, Vo, YAV (x) = EALHx”%r
In so far as

, 1
qDE(Ev €o, Cl) =

f(é? w(sv CO)) '

and AL||x||%1 = 2, we have

ALUx) = f(U(x), o(U(x), ¥o(x)))

ApWo(x) = ApWi(x) =0,

(formula (6.12)).
Applying (1.4) for m = 2, twice we obtain

ALU(x) = fUU, o(U, Wo)ALU(x)
+ f{(U, o(U, ¥p)ALa(U, W)
= f{U, (U, Wo))ALU(x)
+ fU, (U, %))[%S’q’(’)mum + 20 A )|
Insofaras A U(x) = f(U(x), o(U(x), Yp(x))), and Ap Wy(x) = 0, we have

dw(U, W)
T]f(U, o(U, ¥y)).

But, by virtue of the condition of the theorem, w(&, c) satisfies (6.10), i.e.,

do.co) o co)
3 [ @, o)’

AU = [ fWU. oU, %) + FU, oU, %)

fi&, o0&, co)) + f(, 0, co)

therefore
AiU(x) = w(U(x), ¥Yo(x)). (6.13)
Substituting (6.13) into (6.9) and taking into account (6.12), we obtain the
identity.

The solution U (x) (given implicitly by (6.11)) satisfies the equation (6.9) in
Qif ApWo(x) =0in 2, AW (x) = 0in Q2. By the assumptions of the theorem

we get Wo| = @(Go(@), Gi(x)), Wi| =1 (1| . Go), Gi().
Hence the solution to the Riquier problem has the form of (6.11), where
Wo(x), Wi(x) are solutions of the Dirichlet problems

AW(x)=0 in %\rzgoo(Go(x),Gl(x)),

A0 =0 in 2 Wi = (Il

L Go(x), G1(1)).
I

The final conclusion of Theorem 6.3 is clear. a
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Example 6.4 Let us solve the equation
[AJUW]" = nU"H () A*U(x) + nU"()[ALU ()] = 0. (6.14)

Rewrite this equation in the form

> [a3ue]' ]
U(X)ALU(X)—W =ALU(X)

For this equation, we have

fE 0= Jec—
né
and (6.10) takes the form
n+2 _ n—1 d_é. _ #n+l n o__
13 £¢ ]dé g +¢"=0.

Its solution is ¢ = co&. Therefore

1 n
(&, ¢y, c1) = —arc cosh(;/_——f/2 +c
co ¢

According to (6.11) we obtain the solution of the equation (6.14):

g 1
U === (x)cosh[,/\yo(x)(§||x||§, _ w,(x))], (6.15)

where Wy (x), ¥ (x) are arbitrary harmonic functions.

Example 6.5 Let us solve the Riquier problem in a unit ball of the space H for
equation (6.14) with n = 3

[A2U@)] =300 AU ) + 303 0)[AL UM =0,

I (T (x — x0), X — X0)H,
x||5=

2 3
ALU’uxuz - \/;(T(x 0 X =)y

where T is a positive compact operator in H, xo € H, and ||xollg > 1.
According to (6.15) we have

Ux) = w:)/(;)cosh[w/\llo(x)wxz”% - \Ill(x)):l.

In addition,

1
ALUx) = \/‘I/o(X)Uz(X) - 5‘1’3()6)-
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It allows us to find Wy(x) and W (x) on the surface || x ||12H = 1 corresponding
to the boundary conditions. The solutions of the Dirichlet problems in a unit
ball of H for the Lévy—Laplace equation

AL =0, W| = (T30 x — 0.
:
1 Archy/3
ApWi(x) =0, i o, == 7
IxlG=1 2 (T(x —x0),x — Xo)p

have the form (see Section 5.1)

Wo(x) = (T'(x — x0), X — X0)u,
Wy (x) = l _ arc coshv/3

2 (T(x —x0), x —x0)p)°

Substituting the above expressions for Wy(x) and ¥;(x) into the solution of
the equation, we obtain the solution of the problem:

1
U(x) = (T(x — x0), X — xo)H{cosh[z(T(x — x0). x — x0) 2 (Ix 13 — 1)]

2.l
+\/;sinh[§(T(x — x0). x — x) 2 (Ix 13 — 1)]}.

6.5 The Riquier problem for the equation
JUX),ALU(x), AjU(x)) =0

Consider the nonlinear equation
FU), ALUW), A UX)) =0, (6.16)
where U (x) is a function on H, and f(&, n, ¢) is a given function on R3.

Theorem 6.4 Let f(&, n, {) be a twice continuously differentiable function of
three variables in the range of {U (x), A U(x), Ai U(x)}inR3. Let in addition
the equation

f& n,pn)=0 (6.17)

have a solution n = ¢ (&, p) (although the equation f(&,n, ) =0, generally
speaking is not solvable with respect to n). Then the solution of (6.16) (written
implicitly) has the form

1
QU (x), Wo(x), W1(x)) = 5||x||12q’ (6.18)
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where

® Y L S
. co.c1) = / 6 wE o) "

p=w(&,co) is the solution of the (nonlinear) ordinary differential
equation

G p>j—§ + 9L p) = p; (6.19)
Wo(x), Wi(x) are the arbitrary harmonic functions on H. In addition,
ALUx) = ¢(U(x), o(U(x), Yo(x))). (6.20)
If (6.18), (6.20) are solvable with respect to Wy(x), ¥i(x):

Wo(x) = go(U(x), ALU(x)),
Ui(x) = @i (|Ix117, UK), ALUx))

(here @o(€, 1) is a function on R2, o1(e, &, 1) is a function on R3), then the
Riquier problem

fUX), ALUX), AJUX) =0 in Q,
U| =G, ALUW| =G,

where Go(x), G(x) are some given functions, is reduced to a couple of Dirich-
let problems for the Lévy—Laplace equations: the solution to the Riquier
problem has the form of (6.18), where Wy(x), W (x) are solutions of the
problems

ALWox) =0 in wo)r=¢0(Go<x),Gl(x)>,

A0 =0 in 2 Wi| = (Il

. Go(x), Gi(x)).
r

If, in addition, (6.18) and (6.20) are uniquely solvable with respect to
Wo(x), Vi(x), the equation (6.17) has a unique non-trivial solution n, and
if the Dirichlet problem for the Lévy—Laplace equation has a unique solution
in some functional class, then the solution of the Riquer problem for equation
(6.16) is unique in the same class.

Proof. From (6.18) by (1.4) for m = 3, we obtain
LU, Wo, ¥1)ALU(x) + @, (U, Wo, W1)ALWo(x)

, 1
+ @, (U, o, VDALY (x) = EALHxH%,.
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In so far as
1

P, 0, co))’

and AL||x||%1, = 2, we have

ALU(x) = ¢(U(x), (U (x), Wo(x)))

(£, co 1) = ApWo(x) = ALW(x) =0,

(formula (6.20)).
Applying (1.4) for m = 2 twice, we obtain
ATU(x) = ¢(U, (U, W) ALU(x)
+¢,(U, o(U, Yo))ALo(U, Vo) = ¢.(U, o(U, W) AL U (x)

dw(U, ¥ dw(U, ¥
U o, o[ 2 A U + 2 6w
§ dco
Insofaras A U(x) = ¢(U(x), w(U(x), ¥y(x))), and A; Vo(x) = 0, we have
dw(U, ¥
AU = [440U. 00, 0 + 4500, 0, 90) 2 o, v, w0,
But, by virtue of the condition of the theorem, w(£, c) satisfies (6.19), i.e.,
/ dw(§,co) _
¢,(&, w(§, CO))T + ¢:(§, w(§, co)) = w(§, co);
therefore
ATUX) = o(U(x), Wo(x)$U (x), o(U(x), Yo(x))). (6.21)

Substituting (6.20) and (6.21) into (6.16) we obtain the identity
fWU, o(U, o(U, W), o(U, Yo)p(U, o(U, ¥p))) =0,

since by the condition of the theorem the equality n = ¢(&, p) follows from the
equality f (&, n, pn) = 0.

The solution U (x) (given implicitly by (6.18)) satisfies the equation (6.16)
in Qif ApWy(x) =01in 2, and Ay ¥ (x) = 0 in 2. By the conditions of the
theorem we get Wo| = @o(Go(), G1(x)), 1| =1 (I, | . Gow), Gi().

Hence the solution to the Riquier problem has the form of (6.18), where
Wo(x), Wi(x) are solutions of the Dirichlet problems

AW =0 in 2, Wo| = ¢o(Gox), Gi(x),

A0 =0 in 2 W] =gl

L Go(x), G1(@)).
r

The final conclusion of Theorem 6.4 is clear. |
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Example 6.6 Consider the Riquier problem in an ellipsoid (Bx, x)g < 1 in
the space H for the equation

[A2U@)] = U)ALUE)ALU(x)
+ %Uz(x)[ALUmF —[ALU®)P =0, (6.22)

U‘ — 21 AL U®) — A (6.23)
(Bx,x)n=1 (Bx,x)y=I

Here B = E + S, where E is the identity operator and S is a self-adjoint com-
pact operator in H.
For this equation we have

1
fE 0 =0>—Ent + 552772 —n’=0
and (6.17) has the form
|
p°n* — pEn + 552172 -n’=0.

This equation has the non-trivial solution

2
n=¢(é,p>=p2—ps+%,

and (6.19) takes the form
dp
20 —E)— —p)=p.
2p S)dEJr(é p)=p
Its solution is p = w(&, cp) = & + co. Therefore

2
¢, w(§, o)) = % + cof + ¢,

and

2 +co
+ ¢; = —arctan

| e
£2/2 + cof + ¢} co co
According to (6.18) we obtain the solution of the equation (6.22)

q)(é’ Co, Cl) =

+ .

1
Ux) = {tan(z[nxn; _ 2\p1(x)]%(x))—1}\y0(x). (6.24)
In addition,
ALU®x) = %Uz(x) + W)U (x) + W (x).

It allows us to find Wy(x) and ¥,(x) on the surface (Bx, x)yg = 1 corre-
sponding to the boundary conditions. The solutions of the Dirichlet problems
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in a ellipsoid of H for the Lévy—Laplace equation

— 11
= —e H

ArWo(x) =0, Wy

(Bx,x)p=1

1
AWi(x) =0, ¥, = 5[”)‘”%1 _ nefuxuz]

(Bx,x)p=1

have the form (see Section 5.1)
1
Wo(x) = —e! "MW () = S[1 = (Sx, )y — e ORI,

Substituting Wo(x) and W(x) into the solution (6.24) of the equation we
obtain the solution of the problem (6.22), (6.23):

261—(Sx,x)y

Ux)= .
) 1+ tan(%elf(sx”‘)ﬂ[l — (Bx, x)H])




7

Nonlinear parabolic equations with
Lévy Laplacians

Solutions of the Cauchy problem for nonlinear parabolic equations are con-
structed in the same functional classes in which the solution of the Cauchy
problem for the ‘heat equation’ exists (the reduction of the problem). This
allows one to cover various functional classes, since the Cauchy problem for
linear parabolic equations with Lévy Laplacians has been solved in numerous
works for a wide variety of classes.

Each theorem of this chapter includes both a construction of the solution
for the problem without initial data and a construction of the solution for the
Cauchy problem. The solution to the Cauchy problem has the same form as
the solution to the problem without initial data, but the arbitrary harmonic
functions W(x) and ®(x) in the representation of the solution to the problem
without initial data are changed for the specially chosen functions W (z, x) and
oz, x).

7.1 The Cauchy problem for the equations
(OU(t,x)/0t) = f(ALU(t,x)) and
(8U(t,x)/8t) - f(ta ALU(tax))

Consider the nonlinear equation

aU(t, x)
ot

= f(A LU, x)), (7.1)

where U (t, x) is a function on [0, 7] x H, and f(¢) is a given function of a
single variable.

Theorem 7.1 Let f(¢) be a twice continuously differentiable function of a
single variable in the range of {ALU(t,x)} in R

108
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1. Then the solution of equation (7.1) has the form

2
Ult,x) = f(¥)r + W(x )|| ulll + ®(x), (7.2)

where W (x), ®(x) are arbitrary harmonic functions on H.
2. Let the equation

3V (T, x) |Ix]17
(P )+ - x 0 7
- 2

where V(t,x) is the solution of the Cauchy problem for the ‘heat
equation’
aV(r, x)
ot
(and (8%V (z, x)/91?) # 0), is solvable with respect to X = x(t, x) (and
x(0,x) = (1/2)]|x| |%,). Then the solution of the Cauchy problem
aU(t, x)
ot

for the nonlinear equation (7.1) has the form

= A V(z,x), V(0,x) = Upx) (7.4)

= f(ALUW), U0, x) = Up(x)

|Ix]17

U(t, x) = FOU(t, ) +W(t, x)DH L @, x), (1.5)
where
"IJ(I5 x) = aV;r’ X) \XHH ’
T T=x(t,x)—

O(1, x) = V(X(t,x)— I 2”H,x)—lll(t,x)x(t,x);

V(z, x) is the solution of the Cauchy problem (7.4).

If, in addition, equation (7.3) is uniquely solvable with respect to x(t, x)
and if the Cauchy problem for the ‘heat equation’ has a unique solution in some
functional class, then the solution of the Cauchy problem for equation (7.1) is
unique in the same class.

Proof. 1. From (7.2) by (1.4), we obtain

ou(t, x)
ot

= f(¥ ),

AU, x) = (VALY (x) + [ 2||HAL‘I’( )

1
+ E\D(X)ALH)CH%] +ALD(H) = W(x),



110 Nonlinear parabolic equations with Lévy Laplacians

since by harmonicity Ay W(x) = A; ®(x) = 0, and by (1.2), AL||x||%{ =

Substituting these expressions into (7.1), we obtain the identity.
2. From (7.5) by (1.4), we obtain

WO o+ i, op )

Jat
||x||H8\IJ(t,x) ad(z, x)
, 7.6
+ 2 ot + ot (7.6)
AU, x) = f{/(\IJ(t,x))tAL\Il(t,x)
l1x11%,

+ AL, x)+ W (t, x)+ A @@, x).  (1.7)

2

By direct computation we find the expressions for 9®(z,x)/dt and
Apd(t, x):

20(1,x) 3V(X(f’x) - ”Xz”"’x> 0w, )

dx(t, x)
= t,x)— W(t
B X112,
AL x) = ALV (x(tx) = TS x) = AL X))
—\I-[([,X)ALX(t,X).
In so far as
( (. x)— I HH )
V() ax(t, %)
at Tt le=geo-ME 3¢
dx(t,
— \IJ(Z,X)M,
ot
we have
0d(¢, x) ow(t, x)
5 = —x(t,x) . (7.8)
t
In so far as

12
Ay (x(t.x) - =2 x)

aV(t, x)
- 9t T (tx)— IM\H [Apx(t,x)—1]
L = W(t, x)ALx(t, x)
aV(r, x) ALV(E, %)
at V(T x r:X(t,x)_%

= W(t, x)ALx(z, x),
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since, by condition (7.4) of the theorem (0V (7, x)/dt) = ALV (7, x), we have
AL ®(t,x) = —x(t, x)AL V(2 x). (7.9)

Substituting (7.8) into (7.6), and (7.9) into (7.7) and taking into account the
condition (7.3) of the theorem we derive
oU(t, x)
ot

= f(t, ¥, x))

ow(z, x)
ot

/ l1x 1
| SO+ T e
ALU(t, x) = W(t, x))

+ [fgw(t N+ =

= f(¥(, x)),

2
[lx H — x(z, x)] A W(t, x) = W(t, x).

Substituting these expressions into equation (7.1), we obtain the identity.

Putting + =0 in (7.5) and taking into account that x (0, x) = ||x|| /2
and hence, ®(0,x)= V(x(0,x) — |x|13/2,x) — W(0,x) and ||x||5/2 =
V(0, x) — W (0, x)||x]|%/2, we obtain

2
U@, x) = ¥(0, )” il + &0, x) = V(0, x) = Up(x).

The final statement of the theorem is obvious. a

Example 7.1 Let us solve the Cauchy problem
auU(t, x)
at

where A = E 4+ S, E istheidentity operator, and S is some self-adjoint compact
operator in H. For this equation,

=InA U, x) (A U, x)>0), UQ,x)=(Ax,x)%,

f(&)=1Ing,
and the solution of the Cauchy problem
aV(r,
MO _ AV, V.0 = (Ax 0}
JT, x

has the form (see Section 5.4)
V(z, x) = 27 + (Ax, x)g]*.

Therefore, (7.3) takes the form

Lrllx|f3 1||X|| t
XZ——[—H— , ]X iy} oo,
71 (Sx, xX)u 1 2 —(Sx, X)n g
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and its solution is given by

2
x(t,x) = % ["xz”ﬂ — (Sx, X)y ++/(Ax, 0%, + 2t:| .

From (7.5) we derive the solution of the problem:

U(,x)=tIn2 [(Ax X)g ++/(Ax, x)H +2ti|
2
|:(Ax Xy —/(Ax, x)% +2r} + (Ax, x)%;.

Let us consider a nonlinear equation
aUu(t, x)
ot

where U (t, x) is a function on [0, 7] x H, and f(¢, ¢) is a given function of
two variables.

= f@t, ALU(@, x)), (7.10)

Theorem 7.2 Let f(t,¢) be some function of two variables twice continu-
ously differentiable with respect to ¢ and continuous in the domain [0, T] x
(ALU@, x)}inR% {ALU(t, x)} is a range in R,

1. Then the solution of equation (7.10) has the form

2
U(t,x) = /f(s W(x))ds + W(x )|| adll] + ®(x), (7.11)

where W(x), ©(x) are arbitrary harmonic functions on H.
2. Let the equation

t
A 8V(Tx) |1x 115
, ———— , d - X=0, 7.12
o/f5<s e o) 443 712
where V (t, x) is the solution of the Cauchy problem for the ‘heat equation’

aV(z,

T AV, V00 = U (7.13)
T

for some given function Uy(x) (and 3*V(t, x)/dt> # 0), be solvable with
respect to X = x(t,x) (and x(0,x) = (||x|| /2)). Then the solution of the
Cauchy problem

aU(t, x)
ot

= f(t,ALUX), U@, x) = Up(x)
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for the nonlinear equation (7.10) can be determined according to the formula

2
U(t,x) = / F(s, W(t, x)ds + \I/(t,x)”xz”H + ®(t, x), (7.14)
0

where
aV(r, x)

\I’ t,x == )
( ) ot r:x(t,x)fux‘z‘z”

o1 1) — x13, ‘
(1 %) = V() = = x) = Wt )x (@, x;

V(z, x) is the solution of the Cauchy problem (7.13).

If, in addition, equation (7.12) is uniquely solvable with respect to x(t, x)
and if the Cauchy problem for the ‘heat equation’ has a unique solution in some
functional class, then the solution of the Cauchy problem for equation (7.10) is
unique in the same class.

Proof. 1. From (7.11), by (1.4) and by harmonicity of W(x) and ®(x), we
obtain
oU(t, x)
ot

= f(r, ¥(x)),

2
ALU(t, x) :/fé(s, W(x))dsALW(x)+ ||x2||HAL\I’(x)

0
+W(x) + AL D(x) = W(x).

Substituting these expressions into (7.10), we obtain the identity.
2. From (7.14), by (1.4), we obtain

AU, x)
at

\I/(t X)

= f(@t, V(t, x))+/f§(s Y(t,x))ds

|Ix11% 3‘P(I,X) n dP(t, x)

) 7.15
2 ot ot (7.15)

ALU(t,x)zff{’(lll(t,x))dsAL\IJ(t,x)

2
x5
2

Substituting the expressions for d®(t, x)/9t and A, P(¢, x) into (7.15), (7.16)
(formulae (7.8), (7.9)) and taking into account condition (7.12) of the theorem,

+ ALV, x)+W(t, x)+ ALt x).  (7.16)
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we obtain
aU(t, x)
P = f(t, V(t, x))
t
| : AW,
+ [/ fi(s, W(t, x))ds + % _ X(Lﬂ]%
0
= f(t, W(1, x)),
ALU(t, x)
=V | / |1x11%;
= U(t,x)+ [ fiGs, W(t, x)ds + : _X(tvx)]AL\IJ(t,x)
0

= W(t, x).

Substituting these expressions into equation (7.10), we obtain an identity.
Putting + = 0 in (7.14) and taking into account that x (0, x) = ||x| |%1/2, we
obtain

2 2
00,0 = w00 00,0 =v <X(0,x) - ||x2||H,x>

= V(0, x) = Up(x).
The final statement of the theorem is obvious. O

Example 7.2 Let us solve the Cauchy problem

ou(t, x)
ot

= 4(1 + 1)e 220U,

et (1 — 1
U©,x) = I} (1-1n . ).
Here
f(t,0) =40t + e 2,

and the solution of the Cauchy problem

aV(r, x)
ot
has the form (see Section 5.4)

[x]]3
— A V(T x), V(0,x) = ||x||§1(1 —In TH)

2
V(r, x) = 21 + ||x||§,)[1 — ln(r + %)]
Therefore, (7.12) takes the form

2
R

(1+1)°X =0,
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and its solution is given by

l1x113
2(1 + 1)

From (7.14) we derive the solution of the problem:

x(, x) =

I S 1135
U0 = el [ 1= 57 ]

7.2 The Cauchy problem for the equation
(3U(t,x)/8t) - f(U(t,X), ALU(t’x))

Consider the nonlinear equation
aUu(t, x)
ot

where U (¢, x) is a function on [0, 7] x H, and f(&, ¢) is a given function of
two variables.

= fU@, x), ALU(, x)), (7.17)

Theorem 7.3 Let f(£,¢) be a twice continuously differentiable function of
two variables in the range of {U(t, x), A U(t, x)}in R2. Let the equationn =
f(&, cn) be solvable with respectton, n = ¢(&, ¢), and the variables & and c be
separable: ¢(&,c) = a(c)B(&) (here alc), B(§) are functions on R', B(&) #*
0).

1. Then the solution of equation (7.17) (written implicitly) has the form

|Ix[17;

p(U(1, x)) = a(¥(x)) [t + W(x) } + ®(x), (7.18)

where (&) = f(dé/ﬁ(é)), W (x), ®(x) are arbitrary harmonic functions on
H.
2. Let the equation

/( aV(r,x)/ot )
o, f(V(T, x), aV(‘L’, x)/al’) ‘L’:X—m

) 2
N /( oV(r,x)/0t sz_“—%*)[llgllli —X} =0, (7.19)

Y\ P 0, 0V @ 0o
where y(c) = ca(c), V(t,x), is the solution of the Cauchy problem for the
‘heat equation’

aV(r, x)
ot

=ALV(r,x), V(0,x)=Uyx), (7.20)
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(82V(r, x)/9t% # O), is solvable with respect to X = x(t, x) (and x(0, x) =
[]x] |%, /2). Let the function ¢ exist and have an inverse ¢~'. Then the solution
of the Cauchy problem
aU(t, x)
ot

for the nonlinear equation (7.17) can be determined by

= fU, x), ALU(x)), U, x) = Up(x)

2
eU(t,x)) = a(¥(t, x)) [t + W, )|| i :| + ®(t, x), (7.21)

where
aV(r, x)
Jat

f<V(t ), 8V(t x))
l1x11%,
2

U(t, x) =

)

T=x(1,%)= 3 11xI1%

(1.3 = ¢V (x(t.x) — T2 x ) )=y (W ) x:

V(t, x) is solution of the Cauchy problem (7.20).

If, in addition, the equations n = f(&, cn) and (7.19) are uniquely solvable,
respectively, with respect to n and x(t, x) and if the Cauchy problem for the
‘heat equation’ has a unique solution in some functional class, then the solution
of the Cauchy problem for equation (7.17) is unique in the same class.

Proof. 1. From (7.18), by (1.4), we derive

8U( X)

e:(U(t, x)) = a(¥(x)),

2
@ (U(t, x)DALU(t, x) = a,(¥(x))AL ¥ (x) [t+\11( )lell }

+a(wx))[” Z"HAL\I/( )+ W(x)ALHxHH}
+ALO() = W)W ()
(since AL W(x) = AL ®(x) =0, Arl|x||%, = 2). Hence

oU(t,
gtt Y _ a(U)BWGL, ),

ALU(, x) = V(x)a(W)BU(, x))

(since g;(§) = 1/B(§)).

Substituting these expressions into (7.17), we obtain the identity

a(W))BWU, x) = fUE, x), V(x)a(V(x)BWU, x))),
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since by the conditions of the theorem the equality n = a(c)B(&) follows

fromn = f(§, cn).
2. From (7.21), by (1.4), we derive

au(t, 2 9w
AW, = w0y + aw, 0 ;’t ol
, IW(t, x) |Ix11% acb(t,x)
a0 [zwa,x) ; ]+ oD o

, o |IxI1%
GLU NALU(, ¥) = @ (U, DALY D)1 + Wit 0) > ]

~|—05(‘I’(t,x))|| HHAL\LI(t x) 4+ W(t, X)a(W(t, X)) + AL, x).
(7.23)

By direct computation we derive expressions for d®(¢, x)/dt and Ay d(, x):

100, x) | oV (x(t %) — 1x13,/2. %)
o ﬁ(V(x(t,m—nxn%,/z,x)) o
ax(,
i, T 0 - w0

1

(0=

— Y. (W, X))AL‘I’(t, xX)x(t, x) =y (W, x)ALx(t, x).

ALD(t, x) =

2
ALV(X(I, x) — HXZHH , x)

In addition,

(x(t x)— I HH x) vy

dx(t, x)
ot T '

=x(t.x)—3xl1%

It follows from the condition of the theorem that

aV(r,x)
W(t, x) = L pov
f(V(t X), <”>)

)

T=x(t.x)— 3113

and hence
aV(r, x) ~ I,
ot o Z—ﬁ(V(x(t,x)— > ,x))q/(;,x)a(q,(t’x))’
T=x(,x -3 x 2
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(since from n = f(&, cn) it follows that n = a(c)B(€)) . Hence,
8V<X(t x) — M” x)

— e (v (. - i ) 2x0)

ot dt
Therefore
Ad(t, x) aW(t, x)
—yL(\l/(t x))x (¢, x) . (7.24)
ot ot
Furthermore,
1 2
ALV(x(, x) — EIIXIIH,X)
aV(r, x)
= ] [Apx(t,x) =11+ ALV(r, x)
ot T=x(t.0)—}x|% T=x(t,)—1x|1%
aV(t, x)
= ALX(tv-x)
0T -
T=x(t.x)—Ix11%
aV(z,
—[ (@x ALV(r,x)]
8‘[ 1 2
t=x(t.0)-Hxl
_ aV(r, x)
Y
4 T=x(t.x)—Hxll

B Ix 113,
x Apx(t,x) = BV (x(t.0) = T2 x) )Wt )Wt )AL %),
which yields

Ap®(r, x) = =y (W(t, x)x(t, )AL V(2, X). (7.25)
Substituting (7.24) into (7.22), and (7.25) into (7.23), we obtain, by condition

(7.19) of the theorem,
1 ou(t, x)

BWU @, x)) ot

a(W(t. x)) + {a (Wt )t

, [x]1% aW(z, x)
+yl o) S = x|} =
= a(¥(t, x)),
1
mALU(I,x) = y(¥(t, x))
2
ot o + e o[y 0]
X Ap(¥(t, x) = y(t, x).
Hence
U, x)

a7 =a(WE, ))BWUE, X)), ALU®E, x) =y, x)WUE, x)).
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Substituting these expressions into equation (7.17) and taking into account
that by the conditions of the theorem the equality n = f (&, cn) yields n =
a(c)B(&), we obtain the identity

a(W(, x)BUE, x) = fUE, x), y(W(, x)BWU, x))).

Putting ¢ = 0 in (7.21) and taking into account that x (0, x) = 1/2||x||3,,
and, therefore, ®(0,x) = @(V(x(0,x) — |x[17/2, %)) — y(¥(0, )| |x[[3 /2
= (V(0, x)) — y(¥(0, x))[Ix]|% /2, we obtain

2
(U0, x)) = ¥(0, x)ar(¥(0, ))|| sl + @0, x)

=(V(0,x)) = @(Uo(X))
and U(0, x) = Up(x).
The final statement of the theorem is obvious. O
Example 7.3 Let us solve the Cauchy problem
v, x) [ALUG, x)]?
at U, x)

U(t,x)#0), UO,x) =[xl
Here

fEO=0/8 a@ =1/ BE) =& @) =l
and the solution of the Cauchy problem

aV(t, x)
it

has the form (see Section 5.4)

2 92
V(t,x)=4|:t+%] .

Therefore, (7.19) takes the form

= ALV(z,x), V(0,x)=x|l}

1
X2 - §||x||§,x — 4t =0,

and its solution is given by

1 1
fx)=— — [ =1x|% + 16¢.
x(, x) 4IIXIIHJrz\/4||X|| +

From (7.21), we derive the expression for the solution of the problem

[ TN ’
U(t,x) = 2H+ 4H+16t

16¢
xexp{— ; 2}.
[Hx2||H + /\|xi|2+16,]
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The solution of the Cauchy problem for the quasilinear equation
au(t, x)

at
where fy(€) is a given function of one variable has an especially simple form.

By Theorem 7.3, we have

=AU, x)+ fo(U(t, x)), (7.26)

Corollary. The solution of the Cauchy problem

aU(t, x)
o =AU+ SoU(t, x)), U, x) = Up(x)
for the quasilinear equation (7.26) has the form

eU(t,x)) =t + o(V(t, x)), (7.27)
where @(§) = f(dé/fo("g‘)), and V (¢, x) is the solution of the Cauchy problem
for the ‘heat equation’

av(t, x)
ot

=AV(t, x), V(Q,x)=Uyx).

Indeed, since
fE& ) =¢+ fo6),

in (7.26), it follows that a(c) = 1/(1 — ¢), B(§) = fo(&).
In so far as we have o.(¢c) = y/ = 1/(1 — ¢)?, (7.19) takes the form

1 2
t+ Slxlly — X =0,
2
and hence
1 2
X(t,x)=f+§||x||y~
By (7.21) we have

1
(U1, x)) = a(W(t, X))t + y(¥(, x)) [EIIXI@ —x(@, X)]

1 2
+¢ (V (X(t,x) — Il x)) .

Y(t, x)
1 —w(,x)’

In so far as

a(V(z, x)) = . vV x) =

1—W(r, x)

1 1
X(ta x) =t+ §||'x||%-]a Vv (X(t7x) - E”'x”%-lax) = V(tax)v

we have

pU(r, x)) =1+ V(1. x)).
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Example 7.4 Let us solve the Cauchy problem
oU(t, x)
ot
U(x,0) = (Ax, x)3;,

=AU, x)=U"(x), m>1,

where A = E + S, E is the identity operator, and S is a self-adjoint compact
operator in H.

Here
fo() = =&,
therefore
&)= !
PEI= = e

The solution of the Cauchy problem

oV (r,

PED Ay, V0 = ax, o}

T

has the form (see Section 5.4)
V(zr,x) = [27 + (Ax, X)u]*.
By (7.27) we derive the solution of the Cauchy problem:

[2f + (Ax, X)u]?

U(t,x)= —.
{Om — D2t + (Ax, x) P2 + 1}t

7.3 The Cauchy problem for the equation
P(t,0U(t,x)/0t) = f(F(x), ALU(E,x))

Consider the nonlinear equation

( ou(t, x)
% z,

ot

where U(¢, x) definedon [0, 7] x H; ¢(t, &), and f(«, ¢) are given functions
of two variables, and F(x) is a given function on H.

) = f(F(x), A LU, x)), (7.28)

Theorem 7.4 Let ¢(t, &) and f(«a, ¢) be functions of two variables continuous,
respectively, in the domain [0, 7] x {0U (¢, x)/dt} (here {0U(t, x)/0t} is the
range of dU (¢, x)/dt in RY) and in the range of {F(x), ALU(t, x)} in R%. Let
in addition, the equations ¢(t, ) = a, f(ca, ) = a be solvable, respectively,
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with respect to & and ¢, i.e., £ = h(t,a) and ¢ = g(, a). Assume that h(t, a)
and g(a, a) and the partial derivatives h,(t, a) and g, («a, a) are continuous in
their domains of definition, and F(x) is such that Ap F(x) = ¢ # 0, where ¢
is a constant.

1. Then the solution of equation (7.28) has the form

t 1Fm)
U, x)= / h(s, ¥(x))ds —I—/ gla, ¥(x))da + (x), (7.29)
0 0

where V(x), ®(x) are arbitrary harmonic functions on H.
2. Let the equation

iy aV(t, x)
ha<s, f(X, et )) ds
0 ot le=x-1rm

F® A%
+/ g;(a,f(x, W, x)
X

- ))da =0, (7.30)

=X-1F(x)
where V (1, x) is the solution of the Cauchy problem for the ‘heat equation’
aV(r, x)
= ApV(r,x), V(0,x)=Up(x) (7.31)

T

be solvable with respect to X = x (¢, x), with x(0, x) = %F(x). Then the solu-
tion of the Cauchy problem

aU(t, x)
<P<t, ot )Zf(F(X),ALU(t,X)), U(0, x) = Up(x)

for the nonlinear equation (7.28) has the form

1F(x)

U(t,x) = / h(s, V(t, x))ds + / g(a, ¥(t, x))da + (¢, x), (7.32)
0 x(t,x)

where
aV(r, x)
ot

w(t.x) = f (.. L)
T=x(t.x)—; F(x)

1
o, x) = V(x(t,x) - EF(x),x);

V (¢, x) is the solution of Cauchy problem (7.31).

If, in addition, the equations ¢(t,&) = a, f(ca, ) = o and (7.30) are
uniquely solvable, respectively, with respect to &, {and x (t, x) and if the Cauchy
problem for the ‘heat equation’ has a unique solution in some functional class,
then the solution of the Cauchy problem for equation (7.28) is unique in the
same class.
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Proof. 1. From (7.29) by (1.4), we obtain

aU(t, x)
ot

= h(t, ¥(x)),

ALU(t, x) :/ R (s, W(x))ds AL (x)
0

S F(x)
+/ g (o, W(x)da AL W(x)
0

(2RO, W) TALF@) + A0,

But by harmonicityA; V(x) = A;®(x) = 0, and by the conditions of the the-
orem, A; F(x) = c; therefore

i
AU, x) = g(;F(x), lI/(x)).

Substituting the expressions dU (¢, x)/dt and A, U(¢, x) into (7.28), we ob-
tain the identity

1
@, h(t, ¥(x)) = f (F(X), g (;F(X), W(X))) )

since by the condition of the theorem, (¢, §) = f(ca, ).
2. From (7.32) by (1.4), we obtain

AU, x)

— hat \lf(t,x))—i-/ hl (s, W(t, x))dsa\lf;tt,x)
0

< Fe aW(t,
+ / g (o, W(t, x))dat (7, x)

x(t,x) at
dx(t, x) dd(z, x)

—8(x(, x),¥(, x)) 5 PP (7.33)

ALU(t, x) =/ R (s, W(t, x)ds A W (t, x)
0

LF(x)
+/ gu(a, W(t, x))da AL W(t, x)
x(t.x)

+g( F(x), W, x)) ALF(x)
—8(x (@, x), W, x)ALx(t, x) + AP, x).  (7.34)
Let us compute d®(¢, x)/0t:

dP(t,x) _ IV(r,x)
ar ot

ax (1, x)
r=xt-LF@) Ot
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But the relation g(«, f(«, ¢)) = ¢ in the condition of the theorem yields

aV(r, x) aV(r, x) ))
T=x(t,0)— 1 F(x)

o = &(x 0. f (a0,
0t lr=xt.0)-1F) ot

= g(x (@, x), ¥, x)).

Therefore
od(t, x) dax(, x)
at at
Let us compute Ay ®(¢, x)
aV(r, 1
Ao, = VY [ALxt.0 = -aLF)]

T T=x(t.x)— L F(x) c

+ALV(t, x)

T=x (1)L F)
But from g(«, f(«, ¢)) = ¢ it follows that
aV(t, x)
1 :g<X(t7'x)9 f(X(tsx)v
ot T=x(1.0)— L F(x)

= g(x (@, x), ¥, x)).

aV(r, x)
aT

r=x(t,x)7%F(x)>)

Therefore

Ap®(t, x) = g(x(t,x), W, x)Apx(t, x)

—[w _ ALV(t,x)]

T=x ()~ LF@)
Taking into account that dV (z, x)/dt = A V(z, x), by (7.31) we have
Ap®(t, x) = g(x(, x), V(t, x))ALx(t, x). (7.36)

Substituting (7.35) into (7.33), and (7.36) into (7.34), we obtain, taking into
account (7.30),

AU, x) ‘o
— h(t, W(t. X)) + [/ I (s, W(t, X)) ds
ot 0

Fo dW(r
+ / g (e wie, e )
x(t,x) ot
= h(t, W(t, x)),

t 1F&)
AU x) = [f K. (s, \IJ(t,x))ds+/ g (@, \Il(t,x))doc]
0 x(t,x)

1
XAL\I-’(I,X) + g(;F(x)s \Il(ts x))

- g(%F(x), w(r, x)).
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Substituting these expressions into equation (7.28), we obtain the identity

1
o(t, h(t, W(t, x))) = f(;F(x), W, x)).

This follows from the condition ¢(¢, &) = f(ca, ¢).
Putting r = 0, in (7.32) and taking into account that x (0, x) = %F (x), we
obtain

1
U0, x) = @0, x) = V(x(0,x) = =F(x), x) = V(0, x) = Up(x).
c
The final statement of the theorem is obvious. O

Example 7.5 Let us solve the Cauchy problem
aU(t, x)
X
Pl o

} =+ DIALUE, x)+ (Ax, x)y],

1
U@©,x) = Z(Bx,xﬁ,,

where A=FE + S,B=F — S, E is the identity operator, and S is a self-
adjoint compact operator in H.

Here
F(x) = (Ax,x)i = |Ix|1} + (Sx, )y, ALF(x)=2,
0.5 = 2P e = 2a g
’ t+1° ’ ’
and hence

h(t,a) =In(t + )a, g(a,a)=—"2a+a.

The solution of the Cauchy problem
aV(r, x)
T

has the form (see Section 5.4)

1
= ALV, x), V(@O x)= Z(Bx,x)i,

1 2
v =[r+ S(Bx, On ]
Therefore, (7.30) takes the form
1 21 ) 1 1
[X = 58w 0m | =31l [X = 5(Sx.0m |31 =0,

and its solution is

() = el 4 o Sl 44 2 (S 0)
x(@,x) = Zllxlly + 54/ 71l 5 (5%, ).



126 Nonlinear parabolic equations with Lévy Laplacians

By (7.32), we obtain the solution of the problem:

1 1 3
UG x) = [+ D (Il 2y 71l +1) |50
1 2 1 4 1 2 1 2
o+ 5 el g It 1 = Sl (Sx 2 + 7(Sx. 07

7.4 The Cauchy problem for the equation
f(U(t,.X'), BU(t’ x)/ata ALU(tax)) =0
Consider the nonlinear equation

oU(t, x)
ot

f(U@, x), ,ALU(,x)=0 (1.37)

where U (¢, x) is function on [0, 7] x H, and f(&, n, ¢) is a function of three
variables.

Theorem 7.5 Let the function f (&, n, ¢) satisfy the following conditions:

(1) The function f(&,n, ) is a twice continuously differentiable function of
three variables in the range of {U(t, x), dU (¢, x)/0t, A U(t, x)} in R3.
(2) The equation

f& n,an)=0 (7.38)

is solvable with respect to n, n = ¢(&, a) (although the equation f(&,1n,¢) =
0, generally speaking can not be solved with respect to n), and assume that the
variables & and a can be separated, i.e. p(&, a) = a(a)B(&) where a(a), (&)
are functions on R, B(€) # 0.
1. Then the solution of equation (7.37) (written implicitly) has the form
lx

eU(t, x)) = a(¥(x)r + V(‘I’(x))T + d(x), (7.39)

where

&) = / & @ = aaa)
= ey VYT

and W (x), ®(x) are arbitrary harmonic functions on H.
2. Let the function f(&,n, ¢) satisfy in addition the following conditions.

(3) The equation

19V(z, x) 3V(WC)>: 0 (7.40)

f(V(r,x),E at = 9t
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can be solved with respect to a,a = o(V(t,x),dV(r,x)/07).
Assume that the equation

o <O’(V(T, x), W) ‘T:X_%)t

+r(o (v, w»f:x.x})[ﬂx;l% ~x]=0, @4

can be solved with respect to X = x(t,x), with x(0,x) = ||x ||%1/2 Here
V(z, x) is the solution of the Cauchy problem for the ‘heat equation’
aV(t, x)
ot
Let the function ¢ exist and have an inverse ¢~ .
Then the solution of the Cauchy problem
au(t, x)
at

=ALV(r,x), V(0,x)=Upx). (7.42)

f(u@, x), ,ALU@,x))=0, U, x) = Upx)

for the nonlinear equation (7.37) has the form
2
U (t, x)) = a(W(t, x)t + y(¥(, x))% + ®(1, x), (7.43)
where
@) = / %, y(a) = aa(a),

aV(z, x)
o)

’

2
=y (t,x)— 2k

%) )=y (e, X)X (@, x);

W, x) = o(V(t,x),

lx
2
V (¢, x) is solution of the Cauchy problem (7.42).

If in addition equations (7.38), (7.40), and (7.41) have respectively unique
solutions n, a and x(t, x) and the Cauchy problem for the ‘heat equation’ has
a unique solution in a certain functional class, then the solution to the Cauchy
problem for equation (7.37) is unique in the same class.

O(1, x) = go(V(X(t, xX) —

Proof. 1. From (7.39), by (1.4) we derive

ALp(U(t, x)) = gL(U(t, x))ALU(1, x)
llx11%
2

= o, (VDALY + 7, (P()) ALY (x)

1
+ V(q}(x))EAL”x”%{ + AL P(x)
= V(@)a(¥(x))
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(since ALW(x) = AL ®(x) =0, Ar|x]|% =2).

Moreover,
dp(U(t, , aU(t,
W = g )22 gy,
From this we deduce that
aU(t, x))
o = a(W(x)BU(, x)) = (U1, x), ¥(x)),

AUt x) = Y(X)a(Wx)BWU(E, x) = V() U (2, x), W(x))
since (&) = 1/B(§).

Substituting these relations into (7.37) we derive
FU@,x), pU, x), ¥(x)), ¥(x)pU (1, x), ¥(x)))= 0.

The last equality holds identically as, due to condition (2), (U (z, x), ¥(x)) =

P, x), ¥(x)).
2. Let us rewrite (7.43) in the form

3 x|,
P(U(t,3) = (Wt )t + y (Wit ) 2L = x(1.7)

Ix 13,
—i—cp(V(x(t,x) - Tx)) (7.44)
From (7.44)
dpU(t,x)) AU (¢, x)
= = U~
= a(¥(1, x))
’ ’ ||X||127_1 aw(t, x)
+{e e o + v ) L — x|} =
, AV (z, x) ax(t, %)
~[ree o v =R P
(7.45)

Since V(t,x) =0o(V, (8V/ar))|r:)((t,x)+(Hxllf,/Z) and x (¢, x) solve (7.41),
which yields o/, (o)t + ya’(a)[(||x||%1/2) — x(t, x)] = 0, we deduce from (7.45)

oU(t,
LU, %) (tt all

= a(V(, x))

aV(r, x)

]8x(t,x).

~ [ ) = vz, 0 -

(7.46)

2
T=x(t,x)— —”X!H

Furthermore, ¥ = ¢(V, 0V /dt), and hence by condition (3) satisfies the
equation

153 0)=°
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Thus, since f(V,(1/W¥)@V /at), ¥(1/ W)@V /dt)) = 0 and by condition (2)
we get

iB_V =¢(V, V)
v iar oV, ).
Taking into account that y (V) = Wa(W) and <pé(§) = 1/B(&) we derive
sy LV _ W —y 5 9V —y G
B(V) ot BV) BV)
and
1 aV(t, x)
w(t, = . . 7.47
PV 0) = g o (747)
Substituting (7.47) into (7.46) we obtain
aU;tt’ Y U, x), W, 1), (7.48)

From (7.44), by (1.4) we derive

AreU(t, x)) = @ (U(t, x))ALU(t, x)
= y(¥(r, x))

2
+ e o + m;(w(r,x))[% — 1t 0]}arwe
— p(W(t, ) A L1, x)

PV E | g A (Ve -

112,
. ,x).
(7.49)

Since W(t, x) = o(V,(0V /a1))|
get from (7.49) that

P (U, X)ALU(, x) = y(¥(t, x)) — y(W(t, )AL x(t, x)

2, and x(z, x) solves (7.41) we

T=x(.x)— L

+ gLV (z, 0) LAy (x50
£ r:x(t.x)fw 2

But

2
ALV(X(t, Xx) — HXZHH , x)

_ V(T x)
n ot

1%
T=x(t,x)——%

1
x[Auxt.x) = 3801l [+ALV ()

2
f=x(t,x)7%
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aV(t, x
ALY [Apx(@, x)— 11+ ALV(z, x)
aT B I3, B <13,
T=x(t,x)——* T=x(t,x)——*
aV(r, x)
=— Apx(, x)
at _ %113,
T=x(t,x)——*
aV(r,
_[ﬂ —ALV(t, x)]
at B 13,
T=x(t,x)——
aV(r, x)
=— Apx(, x)
at _ Ixl13,
T=x(t,x)——*

since, by the condition of the theorem, 0V (7, x)/dt = ALV (7, x).
If we substitute the value of Ay V(x (¢, x) — (]|x ||%1/2), x)in (7.50) we obtain

p:(U(t, x)ALU(t, x)

= W) — [0 0) — gV Ao,
T=x (%) — 3
Now keeping in mind (7.47) we derive
GLUGXNALU( x) = Y (W(t, )
and
AU, x) =W, x)pU(t, x), V(2 x)). (7.51)

Substituting (7.48) and (7.51) into (7.37) we get
FU@,x), U, x), W(t, x)), U(t, )pU(1, x), ¥(t, x)))= 0.

By condition (2) of the theorem this equality holds identically.
If we put t = 0 in (7.43), take into account that x (0, x) = (1/2)||x||%1 and
consequently ®(0, x) = ¢(V (0, x)) — y (¥ (0, x))||x||%1/2, we obtain

Ix 3, Ix 3,
oU0, x)) = y(¥ (O, x))T + o(V(0, x)) — y(¥(0, x))T
= @(Up(x))
which yields U(0, x) = Up(x).
The final assertion of the theorem is obvious. O

Example 7.6 Let us solve the Cauchy problem

R R

= U@, x)AL U, x), UQ©,x)= ||x||‘}1. (7.52)
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In this case we have
fE o =n' =& +n0 =8¢
and (7.38) has the form
n® =&’ +an® = agn.

This equation has the non-trivial solutions n = —a and n = &.
Consider first the solution to (7.38) of the form n = ¢(&, @) = —a. Here

ala) = —a,y(a) = —a*, BE) = 1,9(&) =&.
Rewriting (7.40) in the form

AV 3 w2 (V2
(57) _V(a—f) +(¥) :VE}V

a3 a? a ot

aVv aVv
a:o(V,—):—/V
at aT

The solution to the Cauchy problem

aV(r, x)
at

is given by (see Section 5.4)

we get

=ALV(t,x), V(0,x)= x|}

IIJCII%]2

V(t,x) = 4[1 + >

and hence

aV(r, x)
G(V(T’ x), ot )‘r—X—%z
- 2

Equation (7.41) is now of the form

2
X

t—HX +2[x]% =0

and has the solution

201x01%
—4°

From (7.43) we derive the solution of the problem (7.52):

X =t x)=

Ut %) t(t —4)7° +32|x|5,
7-x =
2(t — 4)?|Ix 1%,

This solution is defined for all points (¢, x) € [0, 7] x H except (4, x) or (¢, 0).
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Consider now another solution n = ¢(&, a) = & to (7.38). Here a(a) =1,
y(a) =a, B() =&, (&) = In&. This time (7.41) has the form

2
X1l
2

X - =0,

and its solution is given by

X o )= ||x||H

From (7.43) we derive one more solution of the problem (7.52):
U, x) = |lxl3e!
This solution is defined for all points r € [0, 7], x € H.
Remark. In the particular case when (7.37) can be solved with respect to

oU(t, x)/0t and has the form

aU(t, x)
at
where fy(&, ¢) is a function of two arguments, the function o(V, dV /d1) from
(7.41) is determined by the data of the problem. Indeed, in this case (7.40) is
written in the form

= foU(, x), A U, x)),

which yields

PRV v

a= 0( , —) o — s

aT fo(V, L)

Note that the Cauchy problem for the equation JdU(¢,x)/dt =

fo(U(t, x), ALU(¢, x)) was considered in Section 7.2.



Appendix

Lévy—Dirichlet forms and associated
Markov processes

Dirichlet forms appear in various problems of modern mathematical physics, stochastic
analysis, quantum mechanics and many other areas. There is a close connection between
these forms and Markov processes (see, e.g. [7]).

We construct a Dirichlet form associated with the infinite-dimensional Lévy—Laplace
operator and a Markov process generated by this Dirichlet form.

To this end we use the self-adjoint operator in £,(H, ) generated by the non-
symmetrized Lévy Laplacian from Section 3.3.

A.1 The Dirichlet forms associated with the
Lévy-Laplace operator
Recall that a Dirichlet form is by definition a Markovian closed symmetric bilinear form.
A symmetric form £(U, V)on £,(H, w)is called Markovian if the following property
holds [67]: for each & > 0, there exists a real function ¢.(¢), t € R!, such that
¢.(t) =t forallt € [0, 1], —e<¢(t)<1+e forallt e R',

0 < ¢o(s) — (1) <s—t whenever ¢ <s,
and for any U € D¢, we have that

¢:(U) € Dg and  &(¢.(U), ¢:(U)) < EWU, V).
Recall the operator T = K ~'/?introduced in Section 2.1 (K is the correlation operator
of the Gaussian measure (). Require in addition that 7~'/2 is a Hilbert—Schmidt operator.

Assume and that Z,cf;l V(T2 fi, fi)u < oo. For example, if { f;}{° coincides with the
canonical basis {e;}{° in H, then

o0
1
V(T 2, ey = Z — =TrT™' <00

k=1 "k

2

~
I

since T~! is a trace operator.
We consider the Lévy-Laplace operator LU = A, U, D, =% introduced in
Section 3.3, where the set ¥ consists of functions of the form V(x) = ¢(Q(x))S(x).
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Moreover the function Q(x) is chosen to be of the form Q(x) = ||x||}, + ¢(x), with
¢(x) = Z,fil(x, fou. Such a choice of Q(x) makes D; N Dg # @, where & is the
Dirichlet form.

Denote by ¥ the set of all functions of the form

V(x) = ¢(Q(x))S(x)
such that V(x), [¢'(Q(x))/e(Q(x)]*V (x) € £,(H, n). Here S(x) is an arbitrary, twice

strongly differentiable harmonic in H functions from £,(H, ),

) = a(x) = x|} + ¢(x), (A.1)
k=1

Gx) = (x, fy + &, fou, dx) = Z(x, fou(fi € Hy,x € H),
k=1
and (&) is a fixed function on R'.
We choose ¢(&) to be a solution to the equation

P(E)"(E) +20(E)0 (€) + [¢'(E))* = 0. (A2)

By the substitution « (§) = ¢’(&)/¢(§), for & such that p(&) # 0, (A.2) can be reduced
to the Riccati equation

K'(E) + 2k (&) + 2k () = 0. (A3)

The series Z,fil Lk(x), converges p-almost everywhere on H, since ¢(x) < oo, for
p-almost all x € H. Actually

QWK T [ 1 2
/I(x, Soulu(dx) = 2V RS, Jdm ,k—fk)H/ye 2dy = =(Kfi, fu-
H 2 0 T

Hence > 2, [, I(x, foulu(dx) < oo and by Levi’s theorem Y .7 (x, fi)y < 00,
u-almost everywhere on H.

The function V(x) = ¢(Q(x))S(x) is twice differentiable along the subspace H.
since both ¢(x) = Y ;- (x, fi)m and ||x||3, and hence the above Q(x) given by (A.1)
possess this property. To check that ¢(x) is twice differentiable let us compute

dp(eih) = > (b for < Y (Th. Tha(T™" fi, T~ fiou]?
k=1 k=1

= lhlln, Y VT2 fi. fou <00, d*¢(xih)=0. (h e H,).
k=1

It is obvious that the set T is linear and is everywhere dense in £,(H, p).
Define on £,(H, p) the bilinear form £(U, V) by

EW,V)=1lim &,(U, V),

where

l n
&V V) = [ YW 0. oV, 0. founcd)
" k=1
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Lemma A.1 The form E(U, V) on ¥ exists and
EWU, V) = (& (QU, V) ey

where k(&) is a positive solution of the Riccati equation (A.3). The form E(U, V) is
symmetric and densely defined.

Proof. For U,V € T we have U(x) = ¢(Q(x))Sy(x), V(x) = ¢(Q(x))Sy(x). There-
fore
dU(x;h) = (Uy, (x), )
= ¢'(QUNQ'(x), W) Sy (x) + ¢(Q(N))(Sy (x), Mn
dV(x;h) = (Vi (x), )u
= ¢'(QU)NQ'(x), ) Sy(x) + ¢(QU))Sy (x). h)u  (h € Hy),

and
] n
= WUy, @), fou(Viy, (), fu
n k=1
l n
= [9'(QUP Sy ()Sy (1)~ > (Q'(x), fiy
k=1
1 m
+@/(QNP(QM)~ 3 (Q'(), Sy, (), fdn
k=1
1 m
+ Sy (x)(Sy (%), fidul + (Pz(Q(X)); Z(Sb(x), FOn(Syx), fou.
k=1
Since

dQ(x;h) = (Q'(x), by =Y 2(x, f)u(fi W + (h, fn,
k=1
we obtain (Q'(x), fi)u = 2(x, fi)u + (fi» fi)n. Furthermore
1 n
lim =% (Q'(x). fiy =1
n—-oo N =1

due to the convergence (x, fy)y — 0as k — oo, u-almostall x € H.
Finally we have

n—o0o

-l n
fim — > (WU}, 0, fidu(Vi, (1), o = ¢/ (QENFSy(x)Sy(x)
k=1

_ [w’(Q(X))

2
_ 2
w(Q(x))] UV () = 1*(QENU )V ()

and

EWU, V)= «*(Q)U, Vieyww U,V e®x
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Lemma A.2 The Lévy Laplacian A exists on ¥ and acts as the operator of multipli-
cation by the function —k*(Q(x))

ALV(x) = —k*(Q()V (x),

where k(&) is a positive solution of the Riccati equation (A.3).

Proof. For V(x) € %, we have V(x) = ¢(Q(x))Sy(x). Therefore
dV(x;h) = (Vy, (x), )n
= @' (QEN(Q'(x), M) u Sy (x) + (QX))(Sy (x), M)u,
d*V(x;h) = (Vi ()h, h)u

= ¢"(Q))(Q'(x), h)y; Sy (x)
+ @ (QNQ" (), )y Sy (x) + 2¢"(QU)NQ'(x), W) (Sy (x), Wu
+o(QC(Sy (), h)p .-
From the formula (1.3)

-l n
ALV () = @"(QU))Sy(x) lim =3 (Q'(x. fy
k=1
1 n
+@/(QUNSy () lim =3 0"(O) fe, fon
k=1
’ M 1 . ! ’
+2¢/(Q) lim — 3 (Q'(x), fn(Sy (). fom
k=1
l n
+9(Q() lim — (Sy () fi, fou
k=1
1 m
= ¢(QU)Sv() lim ~ 3 (Q'(x), fuy
k=1

/ H ] g "
+¢/(QENSy(x) lim = > (Q" () fe. Sl
k=1

since Sy is a harmonic function.
In the proof of Lemma A.1 we have shown that for p-almost all x € H

R
Jim = (Q'(), foy =1.
=1
In addition since d> Q(x; h) = (Q"(x)h, h)y = 2||h||%, we have

Q") fir fom =2,

and hence
l n
ALQ() = lim — (Q"() fi fi) =2.
k=1

Hence
@"(Q(x)) + 2¢'(0(x))
0(0(x))

ALV (x) = ¢"(Q()Sy (x) + 2¢'(Q(x)) Sy (x) = V(x).
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Taking into account that ¢(£) is governed by (A.2) we get

¢'(Q(x))

2
\% — Vx).
QD(Q(x))] (x) K (Q(x)V(x)

ALV(x) = —[
O

Define the operator L in £,(H, p) with everywhere dense domain of definition Dy
putting
LU == A L U N DL == 3:

Theorem A.1 The operator L is an essentially self-adjoint operator and — L is positive.
The closure —L of —L is a self-adjoint positive operator.

Proof. The proof of essential self-adjointness of L is similar to the proof in Theorem 3.2.
Furthermore, since a general solution « (£) to the Riccati equation (A.3) has the form

1
1 e’

k(&) =
where ¢ is a constant and «%(§) > 0, for — oo < & < oo we obtain
(—LU, U)Sz(H,M) = (KZ(Q)U, U)SZ(HJJ«) > O, for all U S DL.
The final conclusions of the theorem are evident. O

Consider the form

WU, V) = (\/—ZU, \/—ZV>£ UVeDe, De=Dyy.  (Ad)

2(H, )

Theorem A.2 The form E(U, V) given by (A.4) is symmetric, densely defined, positive
and closed. It is a Dirichlet form in £,(H, ) thatis E(U, V) is a symmetric, closed,
bilinear Markov form.

Proof. The first three assertions result from Lemma A.1, Lemma A.2 and Theorem A.1.
Furthermore the form £(U, V) is closed since V=L is a closed operator (recall that
V/—L is positive and self-adjoint).
To prove that £(U, V) is a Dirichlet form we use the sufficient condition from [67].
Let

UeDs, V=0OVUAL

Then V € Dg and estimate &E(V,V)<EU,U) is obvious since EU,V) =
(DU, [k (DIV) gt O

Due to Theorem A.2 it is natural to call £(U, V) the Lévy—Dirichlet form.

A.2 The stochastic processes associated
with the Lévy-Dirichlet forms

Theorem A.3 A Markov process &,(t) on H, associated with the Lévy—Dirichlet form
generated by the Lévy—Laplace operator L, can be constructed as the limit (for n — 00)
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of a family of the diffusion processes &, ,(t) associated with the forms

EWU, V)= L, ULV eyt (A5)

where

n

l 4 ’
LUx) = —; Z [(UH+(x)fk» fou — (UH+(X)1 Sonux, fk)H+] . (A.6)

k=1

Proof. The forms &,(U, V) are symmetric and densely defined. Applying the inte-
gration by parts formula (2.2) for n = 1 and for F = VdU, we rewrite (A.5) in the
form

1 n
£(U. V) = / =Y W (). fnViy, (). fupdx) U,V € D
k=1

(see Lemma A.1).
Let fi = e, where {e;}{° is the canonical basis in H. Since

, > 9U , > 92U
Up ) =Y —e, Uj(x)e; = e

=1 8xk =1 8)Cj3xk
xe = (x,edn,  (x,e)m, = Aixg,
we deduce from (A.6) that
1 & 92 ad
I, =—— — = Al — . A7
Z[a ] A

For each n € N the symmetrized n-dimensional Laplacian /, is positive and essen-
tially self-adjoint on the dense set ¥ in £,(H, ). It generates a contractive positivity
preserving semigroup

Tty =e"" (1 >0)

on £,(H, u) such that 7,(t) - 1 = 1. Hence 7,(¢) is a Markov semigroup and thus the
corresponding form &,(U, V) is a Markov form.

There is one-to-one correspondence between the semigroup 7,(¢) and the transi-
tion probability P,(t, x, B) = P{&, ,(t) € B|&,,(0) = x} of a diffusion process &, ,()
defined on the probability space (2, F, P); B is a Borel subset of H.

For any bounded measurable function f one has

(Tn(t)f)(X)=/f(y)P(t,x,dy)=E(f(§x.n(t))) (A.8)
H

for p-almost all x € H and ¢ > 0. For any bounded continuous function f on H there
exists a unique solution to the Cauchy problem oU(z, x)/dt + [, U(¢t,x) =0, fort >
0, with U(0, x) = f(x) considering U(t, x) as a function of xi, ..., x,, the variables
Xn+1s Xnt2, - .. of U(2, x) being considered as parameters.

We prove that 7,(¢) converges strongly in £,(H, u) to 7 (¢), that is forall f €
So(H, ) 1T, f = T fll ey — 0asn — oo
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Choose f € D¢. Then

—tl, —1, —1], 7 g i
le™™ f —e ™ flleymg < le™™ f —e™m" fll oy + lle™ ™ f —e™ fll ey -

For m > n we have [,, > (n/m)l,, since

1 & af
Un fs P estt = / ZZ(TD p(dx)

1< (af \?
> / — (—f> /,L(dx) = i(lilfv f)SZ(HJ‘-)'
Jom i 0x; m

e—tlm <e tml,,

Hence,

and

”e—tﬁi,,f _ eiﬁ'"f“,cz(H,u) < ”e—r%h — e—tlm ”\/([e—t,l"i” _ e—tTm] 1, f)Qz(H[L)
< \/2( ’ml" — e_fim] f’ f)SZ(H Py

since || Z,()] < 1.
By Duhamel’s formula we have
t
eftﬁinf _ e‘iﬁ"’f — ‘/‘e*(fﬂ')%h I:Zm _ 2 ] —sln de‘ (A.9)

m
0

It is easy to check by direct computation that the operators e~(~"u’ and e¢~*'
commute, since (rn/m)l, and [,, commute. To prove the latter property it is sufficient
to recall (A.7). In fact, setting ¢ = (3%/9x?) — A2x;(3/9x;) we see immediately that
qiqx = qrq; forallk, j =1,...n which yields [,l,, =1,,[, and thus (n/m)l, and I,
commute.

From this we get from (A.9)

t
e tml,, _ e—timf — | o= Tn—sln I:Zm _ ﬁ :Ifd;
m
and

”e_,%]” - e_timf”ilz(H,lt) <2 ([e taln _ g—rim:l 1 f)

Lo(H, )
t

=2 / e b= 1, — 27,] ras, f
m

0 Lo(H, )

=2 [ ([f-21]r6ur), s
52\/([7 —%Z , wm / \/ %Zn Wf. Gy f)sz(H’mds,
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where Gy, f = e~ 0= iln=Tns f,
But

Lo(H,p)

/e—Z(t—s)%in (7, — ﬁin]e*kz'"fds, f)
m

0

1

2

[6—21%7,1 _ e—ZIim:I f, f)

-2t L1,

Lo(H.p)
—2tl, 2 2
—e ””f”gz(y,u) = t”f”/SZ(H,M)’

since | 7,(1)| < 1.
By Lemma A.1 we know that &,(f, f) is a Cauchy sequence which implies

1/4
e f — e~ f] < far ([l -1 r s 17114,
L(H,p) = m m n ) ) £o(H, 1)

£o(H
n 1/4
= {aencr =St D)} 1100
— 0asm,n — oo,

.. — o .
In addition for m > n we have e~ < ¢~ from which we get

1/4
11, —i, 7 n 1/2
e~ H0 f = e fllosiin < {4, (AT m} S

= [ (1= e 0 11

— Qasm,n — o0.
Thus,

lim [l f—e ™ flleyuy=0  forall f € Ds, (A.10)
m=>n,n— 00
for any ¢ from a finite interval.
The sequence e ' f is a Cauchy sequence forany t > 0, f € Dg. Since D¢ is dense
in £,(H, 1), and the family e~ is uniformly bounded we conclude that (A.10) holds
forall f € £,(H, v). Hence

lim 7,(t)f =7 @)f forall f € £,(H, p). (A.11)

The semigroup 7 (¢) is a contraction in C(H, ) since in the strong limit this property
of 7,(t) is inherited. Moreover 71 = 1, since 7,1 =1 for all n and 7 is positivity
preserving, since the 7, are positivity preserving. Hence 7 is a Markov semigroup



A.2 The processes associated with the Lévy—Dirichlet forms 141

in £,(H, ). By the Kolmogorov—Ionescu Tulcea construction there exists a Markov
process &, (1) such that E( f (&,(¢))) = 7 (¢) f (x) for u-almost all x € H, for any bounded
measurable function f defined on H.

From (A.8) and (A.11) we deduce that

(T f)x) = lim E(f(&.(1)) = E(f(5:(1))

for w-almost all x € H. O
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(see, e.g., [27, 153]). Measure in the space of continuous functions was defined as early
as 1923 by Wiener [156]. In a Hilbert space of functions which are orthogonal to unity,
the Wiener measure is introduced in the book by Shilov and Phan Dich Tinh [136].

Chapter 2
This chapter is the extended presentation of the article [50] by Feller (see also [52]).
The complete orthonormalized systems of polynomials for the Wiener measure were
constructed by Cameron and Martin [25], by Ito [81], by Wiener [157], and for general
Gaussian measures — by Vershik [153]. Theorem 2.1 for the case of the Wiener integral

of multiple variations was proved by Owchar in [107]. Other theorems of this chapter
are due to the author of this book.

Chapter 3

The results of Sections 3.1 and 3.2 were published in the article by Feller [51] (see also
[52]), and the results of Section 3.3 were published in the article by Feller [53].

Chapter 4

This chapter presents the results of Feller [54-57, 59].
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Chapter 5

5.1. The Dirichlet problem for the Lévy—Laplace and Lévy—Poisson equations was
studied by Lévy [92-95], Polishchuk [116, 119], Feller [36, 37], Shilov [132, 134],
Dortman [28], Sikiryavyi [137, 140], Kalinin [82] and Bogdansky [19]. The notion of
a fundamental domain in a Hilbert space was introduced by Polishchuk in [116]. The
uniqueness theorems were proved by Feller [36, 37].
5.2. The Dirichlet problem for the stationary Lévy—Schrddinger equation in various
functional classes was considered by Feller [38] and Shilov [134].
5.3. The Riquier problem for a linear equation in iterated Lévy Laplacians was studied
by Polishchuk [117], Shilov [134], and, for a polyharmonic equation, by Feller [40].
5.4. The Cauchy problem for the ‘heat equation’ in different functional classes was
considered in the works of Dorfman [29], Sokolovsky [148], Bogdansky [14, 15, 17, 18,
20] and Bogdansky and Dalecky [23]. The correspondence between the Cauchy problem
for the ‘heat equation’ and the Dirichlet problem for the Lévy—Laplace equation was
revealed by Polishchuk in [118].

Theorems 5.1 and 5.2 are due to Shilov [132], Theorems 5.6, 5.7 and 5.13 are due
to Polishchuk [116, 117]. Other theorems of this chapter are due to Feller.

Chapter 6

Elliptic quasilinear equations with Lévy Laplacians were studied by Lévy [92, 95],
Shilov [134], Sikiryavyi [140], Sokolovsky [146, 150], Feller [61]. Elliptic nonlinear
equations with Lévy Laplacians were studied by Feller [60, 62—64].

The presentation of the material in Section 6.1 follows the studies of Lévy [92, 95],
and in Sections 6.2— 6.4 we follow articles by Feller [60—64].

Chapter 7

Parabolic nonlinear equations with Lévy Laplacians appear in the works of Shilov [134]
(amixed problem for a nonlinear equation with iterated Lévy Laplacians), Feller [65, 66]
(the Cauchy problem for nonlinear parabolic equations). Quasilinear equations appear
in the work of Sokolovsky [151].

The presentation of the material in this chapter follows articles by Feller [65, 66].

Appendix

The stochastic processes associated with the Lévy Laplacian were considered by
Accardi, Roselli and Smolyanov [5], Accardi and Smolyanov [6], Accardi and Bo-
gachev [1-3], Kuo, Obata and Saito [90] and Albeverio, Belopolskaya and Feller [8].

This Appendix follows the articles by Feller [53] and by Albeverio, Belopolskaya
and Feller [8].
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